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Abstract

Motivated by the growing interest in quantum machine learning, in particular quantum neural networks
(QNNs), we study how recently introduced evaluation metrics based on the Fisher information matrix
(FIM) are effective for predicting their training and prediction performance. We exploit the equivalence
between a broad class of QNNs and Fourier models, and study the interplay between the effective dimension
and the bias of a model towards a given task, investigating how these affect the model’s training and
performance. We show that for a model that is completely agnostic, or unbiased, towards the function
to be learned, a higher effective dimension likely results in a better trainability and performance. On
the other hand, for models that are biased towards the function to be learned a lower effective dimension
is likely beneficial during training. To obtain these results, we derive an analytical expression of the
FIM for Fourier models and identify the features controlling a model’s effective dimension. This allows
us to construct models with tunable effective dimension and bias, and to compare their training. We
furthermore introduce a tensor network representation of the considered Fourier models, which could be
a tool of independent interest for the analysis of QNN models. Overall, these findings provide an explicit
example of the interplay between geometrical properties, model-task alignment and training, which are
relevant for the broader machine learning community.

1 Introduction

A popular approach for developing quantum machine learning (QML) models for the analysis of classical
data is to use parameterized quantum circuits (PQCs) as trainable machine learning models [1, 2, 3]. In
these models, also known as quantum neural networks (QNNs) [4], the classical input data and the trainable
parameters are encoded as angles in the quantum gates of the circuit, and the outputs are extracted as
expectation values of some observables at the end of the PQC [1, 2, 3, 4]. The variational nature of QNNs,
where the parameters are typically trained in a quantum-classical feedback loop [5], makes them viable
approaches for near-term quantum devices [6, 7].

In the last years, several works theoretically investigated how QNN differ from their classical counterparts,
with particular focus in understanding their expressivity [8, 9] and their generalization capability [10, 11,
12, 13]. While no general consensus exists as to whether these variational QML models can offer rigorous
advantages compared to classical approaches on classical ‘real-world’ datasets, there is a growing body of
literature proposing applications of QNNs in several areas of classical data analysis and machine learning
[14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24].

In parallel to these investigations, there are also several attempts to develop general evaluation metrics
for such architectures. Finding such metrics assessing the quality of a model on a given task, before the
model has been trained for it, is indeed a key challenge for any machine learning practitioner. While some
of the proposed metrics, such as the quantum expressivity [25, 26] or entangling capability [25, 26] are only
relevant in the case of variational quantum models, other metrics, such as the effective dimension [27] can be
calculated for both classical and quantum models. This latter quantity is the main focus of our work.

The effective dimension (ED), calculated from the Fisher information matrix (FIM), has been recently
introduced in a seminal work [27] as a measure for the capacity of a model to effectively explore all of its
degrees of freedom, i.e., make use of its full parameter space. In [27], the authors not only use the ED for
constructing theoretical generalization bounds, but also show numerical examples of QNNs having larger ED
than classical networks used for comparison, which they relate to their faster training ability for a chosen
learning task. These encouraging results then prompt the question: do models with a high ED always have
faster training abilities?
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In this work, we provide a negative answer to this question. Focusing on models for regression, we show
that whether a model with high ED has better training performance compared to one with low ED depends on
how biased the models are towards the specific regression task. In particular, for models that are completely
agnostic, or unbiased, towards the function to be learned (the data-generating function), a high ED likely
results in a better trainability. On the other hand, for models that are biased towards the function to be
learned a lower ED is beneficial during training. Maybe unsurprisingly, these results quantitatively confirm the
intuitive expectation that when the effective space a model can explore is constrained around the task’s data-
generating function, training the model to a good performance becomes easier. This is schematically illustrated
in Fig. 1(a) and (b). More general, our findings hint towards the difficulty, and perhaps the impossibility, of
finding a data- and task-independent evaluation metric that can assess a ML model’s performance prior to
its training.

1.1 Summary of results

The findings presented in this paper are obtained by exploiting the equivalence between a broad class of
QNNs and Fourier models [28, 29, 30, 31], which we extend to include the dependence on the trainable QNN
parameters. Based on this equivalence, we derive an analytical expression for the Fisher information matrix
(FIM), which allows us to identify the relevant features of a Fourier model that control the FIM spectrum,
and thereby the effective dimension (ED). Specifically, we derive an explicit relationship between the FIM
spectrum and ED of a model and the dimension of the space of functions it has access to. This is schematically
illustrated in Fig. 1(c).

These analytical results enable the practical construction of Fourier models with tunable ED, as well as
the construction of models that are more or less biased (as we quantify later in this work) towards a given
data-generating function for a regression task. This allows us to study the interplay between ED and bias
and their effect on the training ability of a model with numerical examples, with the aforementioned main
finding: for models that are biased towards the function to be learned, a lower ED is beneficial during training,
whereas for unbiased models a high ED is likely to achieve better performance (see Fig. 1(a) and (b) for a
schematic representation).

As a secondary result, in order to numerically investigate larger problem instances (i.e., with larger number
of input features and parameters) we introduce a tensor network representation of the structure of Fourier
models, called tensorized Fourier models. These could be a tool of independent interest for the analysis of
QNN models.

1.2 Organization of the paper

The remainder of the paper is structured as follows. In Section 2.1 we define the general structure of the
regression models we focus on in this work, making the connection with QNNs explicit. In Section 2.2 we
recap the notions of FIM and ED and, via analytical calculations and numerical examples, we show how these
depend on the models’ characteristics. In Section 2.3 we give our working definition of model bias, and in
Section 2.4 we introduce the concept of tensorized models. With these definitions at hand, in Section 3 we
present our results on the interplay between ED and model bias and their effect on training regression models
via gradient descent. Finally, we conclude and provide an outlook on possible future investigations in Section
4.

2 Methods

2.1 Preliminaries: models and structure constants

In this section we define the general structure of the regression models that we focus on throughout the paper.
Besides providing their general definition, we discuss their relation with functions parameterized by quantum
neural networks (QNNs), and introduce the concept of their structure constants, which is the central object
of our subsequent analysis. For clarity, a list of symbols used throughout this work is provided in Table 1.

2.1.1 Definition of regression models used.

In this work we consider real regression models taking as input a vector & € RY, with N denoting the number
of input components (features), and parameterized by M trainable (variational) parameters 8 € RM. For
simplicity in the presentation and derivation of the results, we focus on the case of a single real output,
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Figure 1: Tllustration of main results. (a) Schematic behavior of the difference in the training loss (here the
mean squared error — MSE) AMSE, between models with high and low effective dimension (ED), vs. the
corresponding ED difference AED (between models with high and low ED — normalized by the number
of trainable parameters M), for models with different bias towards the function to be learned (represented
by the color scale). Each point represents the average behavior over several model realizations and training
experiments. Models with low ED have better training performance than models with high ED (positive
AMSE) in the biased case. The converse is true (negative AMSE) in the unbiased case. (b) Visualization
of model spaces in the high- (blue surface) and low-ED (brown line) cases, for biased and unbiased case.
Points in these spaces represent functions obtained for specific choices of trainable parameters. In the biased
case, the data-generating function (red point) belongs to the model space (to good approximation): a model
with low ED (brown point) trained with gradient descent is more likely to converge to the data-generating
function since there are effectively less dimensions to explore (only one direction leads to minimizing the loss,
as represented by the black arrow). A model with high ED (blue point) is instead more likely to incur in local
minima (there are multiple directions, represented by the black arrows, leading to similar loss minimization).
In the unbiased case the data-generating function is outside the model space: a model with high ED (blue
point) is likely to yield better results, as more directions are available for reaching a better approximation
to the data-generating function. (c) Illustration of a QNN and the expansion of its output fg(x) in the
basis functions e, (x) and ¢, (@) (with x denoting the inputs and 0 the trainable parameters). The coefficient
matrix I' (structure constants) can be decomposed in orthogonal matrices U and V and a diagonal matrix
S of singular values s,. The ED of the model is controlled by the decay properties of the singular values: a
faster decay results in a lower ED.



although our results can be easily extended to the case of multi-output models. The general expression of the
regression models studied here is

D
fo(x) = Zcu(a) eu(x) - (1)

The functions e, () € R are taken to form an orthonormal basis in the D-dimensional space of input functions,
ie.,

Eap[en(@)e, (@)] = / en(@)ey () p(a) d = 5,0 (2)

with p() the probability density function for the inputs and E,, the expected value over this input distribution.
The coefficients ¢, (0) € R encode the dependence on the variational parameters §. This form of regression
model exactly encompasses that of quantum neural networks (QNNs) which, as we discuss later, are known
to be Fourier models [28, 29, 30, 31].

Going a step further, we may expand the coefficients ¢, (@) in a finite orthonormal basis in the space of
parameters’ functions, under the assumption that the parameter space is effectively bounded, or that the
¢,(0) are square-integrable functions. In this case we have

K
cu(0) = Ty, u(6), (3)

where 1,(0) € R are a set of K orthonormal basis functions satisfying

i/ Ly(a)bl,/ (0) de = (5,,’1,/ , (4)
Vo Jo
with © denoting the parameter space and Vg its volume. As discussed later, this form encompasses the case
of QNNs, where both input features and parameters are encoded as rotation angles in quantum gates.

The coefficients I'y,, € RP*E depend only on the model architecture, and we therefore call them the
structure constants of the model. The structure constants I',, , specify the correlations between the parameter
space functions and the input space functions, and are the central object of our analysis throughout this work.

2.1.2 Fourier regression models and relation to QNNs.

We now relate the form of the regression models introduced above to that of QNNs, and give an explicit
expression of the basis functions e, (x) and ¢, (0) in this specific case. We first briefly recap the concept of
a QNN. In the context of regression, a QNN is a function measured from a parameterized quantum circuit
(PQC) as

fo(m) = (0| U} () M Ug() |0) = (vo(@)| M |vpo()) . ()

Here, M is a given observable, and the output state |1g(x)) = Up(x) |0) is obtained from a quantum circuit
described by the unitary Up (x) where inputs and parameters are encoded, applied to a reference state |0).
Typical implementations of QNNs involve encoding the input data x and trainable parameters 8 as angles of
rotation gates in the quantum circuit. As we show in A, the QNN output fe(x) can be written as a Fourier
series in both the inputs and parameters as:

fe(iL') — Z wa7@ eiu.m ei&'G , (6)

where w = (wi,...,wy) with w, € Q, and Q, the set of Fourier frequencies for the n-th input compo-
nent, @ = (@1,...,0n) with @p, € Qp, and Qp, the set of Fourier frequencies for the m-th parameter,
I'y, o complex constants depending only on the quantum gate generators and the measured observable M,

and - denoting the scalar product of two vectors. The above expression can

equivalently be rewritten in the form of Eqs. (1) and (3) with e, (x) = e(y,, .. un)(T) = HnN:1 e,(];) () and

M
0 (0) =t ) (0) = TIN5 (6,0), where

satisfying f‘_w,_‘;, = f‘:

7w’

e;(ﬁ,)(zn) € By = {1, V2 cos(wnz), \@Sin(wnxn)}wneﬂn ) (7)
) (On) € By = {1, V208(@0rm), V25in(@mbm)} s cq, - (8)

Vm



normalized in the interval [—m, 7], and with the structure constants I',, ,, given by suitable real linear combina-
tions of the complex coefficients f‘wyg,. As an explicit example of the sets of frequencies a QNN can have access
to, one can consider the common situation where the inputs are encoded multiple times via the re-uploading
technique [29, 32], and both input features and parameters are encoded as angles of single qubit rotations
of the form e~157¢ (with ¢ being the feature or parameter to be encoded, n an arbitrary rotation axis and
6 the vector of Pauli matrices). In this case, as we show in A, the sets §2,, and Qi comprise only integer
frequencies and read as Q, = {1, ..., L} and Q,, = {1}, with L being the number of times the input features
T, are uploaded as gate angles in Ug(w), and assuming each parameter 6, is encoded only once. We refer
the reader to the Supplementary Material for a detailed discussion on how the structure of the entangling
operations in a QNN influences the basis functions the model has access to.

This latter example exemplifies the not uncommon situation where the number of Fourier modes for every
input feature (and every parameter) is the same. For simplicity, we restrict ourselves to this case for the
analysis presented in this work. This results in no loss of generality, since our analytical and numerical results
can be easily generalized beyond this case. Throughout the rest of this work, we denote with d = |B,,| the
number of ‘local’ basis functions for the input feature space, and with d= |l§m| the number of ‘local’ basis
functions for the parameter space, which results in D = dV and K = dM.

2.1.3 Correlations in structure constants.

We now analyze the information that is contained in the structure constants of the model I, ,,. To do so, we
view I, , as elements of a D x K real matrix I' (we assume K > D, since typically we consider models with a
number of parameters larger than the number of input features), and consider its singular value decomposition
(SVD)

r=usv’, (9)

where U is a D x D real orthogonal matrix satisfying with UTU = UU " = Ip, S = diag(s1,...,sp) isa D x D
diagonal positive semi-definite matrix (with diagonal ordered as s1 > s2 > ... > sp), and V is a K x D real
matrix with orthonormal columns, i.e., V'V = Ip. After the SVD we can rewrite the model output as

||
WE
Mx

vep(T) e, (0)

v=1

=
Il
-

K
Z wp Sp [V pveu(w) 1 (8) (10)
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where e/ (x) = Zle Up,pep(x) and 1} (0) = Zﬁ;l[V—r}p,y 1,(0) constitute new sets of orthonormal basis
functions in the input and parameters’ space. From the above expression one can easily understand how the
singular values s, control the correlations between the parameter space and the functions in the input space.
In the limiting case of s; > 0 and s,~; = 0, any change in the parameters § induces a change in fg(x) along
only one component, Y (x): in this case, the model’s space is effectively one-dimensional. Conversely, if all
singular values are equal, the model fg(x) is effectively able to ‘explore’ all the D orthogonal directions eg(w)
in the input space. Thus, the distribution of the s,, in particular how they decay (i.e., their mutual ratios)
indicate how changes in the parameters correlate with the independent directions the model can explore. We
therefore call the singular values s, the correlation spectrum of the model. In the next section we discuss
how, perhaps unsurprisingly, the correlation spectrum is related to the notions of Fisher information matrix

and effective dimension.

2.2 Fisher information matrix and effective dimension

In this section we discuss the notion of Fisher information matrix (FIM) and effective dimension (ED), and
relate them to the structure constants of the models introduced in the previous section. We derive an analytic
expression of the FIM that makes the relation with the correlation spectrum explicit, and we discuss which
features of the correlation spectrum affect the effective dimension.



Symbol \ Used for

N No. of components of input vector (features)

x = (z1,...,xy) | Input vector

M No. of trainable parameters

6 = (01,...,0r) | Vector of trainable parameters

S} Parameter space

fo(x) Regression model (Eq. (1))

D No. of input basis functions

eu(x) Input basis functions (Eq. (2))

d Dim. of space ‘local’ to each feature (D = d”)
= (u1,...,pn) | Index of input basis functions

K No. of basis functions in param. space

1, (0) Basis functions in param. space (Eq. (4))

d Dim. of space ‘local’ to each param. (K = d™)
v=(v1,...,vpn) | Index of param. basis functions

Ll(j::) (0m) ‘Local’ basis functions for param. 6,,

r Structure constants (Eq. (3))

U Left singular vectors of I' (Eq. (9))

V Right singular vectors of T (Eq. (9))

S Singular values of T" (correlation spectrum — Eq. (9))
F(0) Fisher information matrix (FIM — Eq. (11))
F(0) Normalized FIM (Eq. (13))

defr Normalized effective dimension (Eq. (12))

B0 Local derivative tensor for param. 6., (Eq. (15))

Table 1: List of most used symbols in this work with explanation.

2.2.1 Definition of FIM and ED.

The Fisher information matrix (FIM) is a tool of central importance in the field of information geometry,
since it provides a local description of how a parameterized model changes when the parameters it depends on
are varied. More specifically, the FIM defines a metric in the space (or manifold) of functions a parameterized
model can represent [33, 34, 35]. For the regression models studied in this work, the FIM F is a M x M
positive semi-definite matrix with elements (see [36, 37, 38, 39, 40] and the Supplementary Material)

Fia(6) = B | oD 2002 (1)

At a given point @ in the parameter space ©, the FIM describes which directions in © the model fg(x) is
more (or less) sensitive to. The eigenvalues of the FIM are indeed a measure of the model sensitivity to
parameters changes along the direction defined by the corresponding eigenvectors. If all FIM eigenvalues
are approximately equal and larger than zero, all parameters are equally contributing to independent model
changes. If instead the FIM spectrum contains several eigenvalues close to zero, the corresponding parameter
directions are redundant. Thus, the FIM encodes information about how a model is effectively able to explore
its parameter space. A measure of this ability, i.e., the ‘size’ of the region in model space that a model can
effectively explore with its parameters, is given by the effective dimension (ED) introduced in [27]. The ED,
normalized by the number of parameters M, is defined as

210g<‘}@ Iy \/det (IM + an(O))d0>

M log ¢, ’

C281‘f =

(12)

where ¢, = % with n being the number of input data samples, I; the M-dimensional identity matrix,

and F () being the normalized FIM defined as

R M
F6) = 7= Jo tr(F(6))de

F (o). (13)



The normalized ED deg is bounded in [0,1], and is computed from averages over the parameter space, hence
depending solely on the architecture choices and the input distribution. In the next sections, we uncover the
relation between the correlation spectrum introduced before and the FIM.

2.2.2 FIM and correlation spectrum.

In Section 2.1.3, we discussed how the distribution of the correlation spectrum {s,}, controls how many
independent directions (in the space of input functions) the model can explore when the parameters are
changed. Since the FIM and the effective dimension also capture a notion of effective degrees of freedom
of the model, it is natural to expect a strong relation between these and the properties of the correlation
spectrum. In this section, we explicitly uncover this relation and show that the FIM spectral properties are
indeed mostly controlled by the correlation spectrum.

To this end, we start by expressing the FIM elements in terms of the structure constants I' and the related
correlation spectrum and singular vectors. It is easy to show that the FIM elements can be expressed as

i k
Fj,k(e) = Z 8;2; Z Ll/(e) LU’(G) Z ﬂ;(gj),y] [Vv—r]p,(ul...f{j...u1\4)ﬁ,‘i;€)ﬂ,;C [VT]/),(ui...n;c...l/M) ) (14)
p

’ ot
v,V Kj, Ky

where we introduce the (local) derivative tensor 3\) for expressing the derivatives of the basis functions ¢, (0)
as linear combinations of basis functions, i.e.,

@) 0. ) ‘
00, (0) _ Oy (05) L,(f:)(@m) — (Zﬂfgj‘)ﬁ Lfﬁ)(@)) H LS}:)(()M) ) (15)
% Bi g P mAi

We refer the reader to the Supplementary Material for a derivation. From Eq. (14) we can already recognize
the dependence on the squared singular values s%. These, in combination with Eq. (13), tell us that the
normalized FIM F' , hence the ED, is independent of the value of tr(S?). Therefore, the ED is sensitive only to
the mutual relationship of the values of sg, i.e., the decay properties of S?, and not to the overall magnitude
tr(5?). In other words, the FIM and ED are a measure of the dimensionality of the space of functions that the
model has access to, captured by how many values 512) are effectively different from zero. These observations
give us a practical way of designing models with tunable ED, which we will use in our numerical analysis of
the training dynamics presented in Section 3. We now substantiate these statements by stating the following

properties of the FIM.

Property 1. In the regime M > D (which can be interpreted as an overparameterized regime as described
in [41]), the rank of the FIM is upper-bounded as follows:

rank(F(0)) < D . (16)

Property 2. In expectation over random realizations of V' € O(K) (with O(K) the group of K x K
orthogonal matrices) and @ € O, one has:

E[F, ] € O(1)tr(S?), forj=k
» O(K~Y)tr(S?), forj#k (17)

Var[F; ] € O(1) tr(S?) .

The derivation of these properties is sketched in B. From Property 1, together with the observation that
the ED is bounded by the maximal rank of the FIM [27], we can conclude that in the regime M > D the ED
is upper-bounded by D. This establishes a direct connection between the ED and the dimension D of the
space of input functions available to the model. Property 2 further strengthens this connection by showing
that the decay properties of S*, encoded in the value of tr(S%), indeed control the FIM spectrum. We now
explain this more in detail.

As observed previously, tr(S?) is a normalization factor that drops in the calculation of the ED. The
term that has non-trivial effects on the FIM and the ED is tr(S*) controlling the variance, which encodes
information on the decay properties of the correlation spectrum. Assuming (without loss of generality) a
correlation spectrum normalized such that tr(S?) = 1, tr(S?%) can be interpreted as a purity: a completely
flat correlation spectrum corresponds to the minimum value of the purity (i.e., 1/D), whereas tr(S?%) = 1 if
s1 = 1 and s,~1 = 0. To understand how the value of tr(S*) influences the spectral properties of the FIM,
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Figure 2: (a) Scaling of normalized ED with the purity tr(S*) of the correlation spectrum. (b) Scaling of
normalized ED with the ratio D/M. Each point corresponds to a random model realization, i.e., a random
" uniformly drawn from [—1,+1]P*X. For every value of tr(S*) and D/M, 50 model realizations are drawn
(the points are on top of each others). The normalized ED is computed using Eq. (12), with 150 parameters
samples for estimating the normalized FIM. Here, d = 2 refers to By, = = {V/2cos0,,,v2sin6,,}, while d=3
refers to By, = {1,v2cos 0, vV2sinb,,} in Bq.(8), for all m =1,..., M.

we first observe that the expected value of the FIM is approximately diagonal with diagonal elements having
the same values and off-diagonal elements suppressed as O(K~1). Thus, in absence of statistical fluctuations,
the spectrum of the FIM would be flat, which would correspond to a high ED. This is approximately the
case when the variance is small, i.e., when the correlation spectrum S is flat and tr(S*) is small. Conversely,
when the correlation spectrum S is not flat and tr(S4) is large (i.e., approaching one), Var [F j,k] introduces
non-negligible statistical fluctuations that make the FIM spectrum deviate from the flat case, which in turn
decreases the ED. Thus, with this analysis we identify in the correlation spectrum, and in particular in its
decay properties partly captured by tr(S*), the key factor controlling the FIM and the ED in regression
models. This insight is of central importance in our numerical analysis presented in the next sections.

To corroborate our analytical findings, we show numerical results on the dependence of the ED on different
model characteristics in Fig. 2. Specifically, we calculate the normalized ED czeff for several random model
realizations, i.e., random realizations of the structure constants I' (uniformly drawn from [—1, +1]P*%) and
investigate how ot changes with tr(S%) and the input functions’ space dimension D. In panel (a) we show
the dependence of degr on the purity of the correlation spectrum tr(S*). As expected, degr decreases with
tr(S%) increasing towards its maximum value 1. In order to change tr(S%), an exponential decay with variable
decay rate is imposed to the singular values, keeplng them normalized to tr(S?) =1 (Wthh has no effect on
the ED). In panel (b) we show the dependence of deg on the ratio D/M. For D < M, d.g increases with
increasing D until it saturates to its maximal value for D > M. For D > M, deg is independent of D and
largely controlled by tr(S*). The increase of degr for D < M is due to the fact in this regime, the maximal ED
of the model is upper-bounded by D, hence the model has more parameters than the input basis functions
(i.e., independent directions in model space) it has access to. Further numerical results are presented in the
Supplementary Material and confirm indeed that tr(S%) is the key factor controlling the ED.

2.3 Biased and unbiased regression models

In this section we introduce the concept of biased and unbiased regression models used in this work, and we
provide a simple recipe for constructing models where the bias and the effective dimension can be tuned at
will. The main idea behind our definition of biased and unbiased model is the following:

e A model fg(x) is biased towards the data-generating function y(x) if there exists a parameter configu-
ration 0 for which fo-(x) = y(x).

e If there is no configuration 8 for which fg-(x) = y(x) then the model is unbiased.
For an explicit construction, we consider a data-generating function y(x) of the form

D K R
2)=> Y eul@)u(0)y s, U [VOT] (18)

pn=1lv=1 p=1
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Figure 3: (a) Schematic illustration of the construction of biased and unbiased models. The data-generating
function y is specified by matrices U and V(@ and the model f by U and V, with both y and f having the
same correlation spectrum S. In the unbiased case, y (represented by the red dot) lies outside the space of
functions accessible to fg (represented by the gray surface), whereas in the biased case y belongs to that space.

(b) Construction of models with tunable ED. Full models féf)(a:) with no imposed decay in the correlation
spectrum s, as illustrated by the blue line, have high ED and therefore can access a larger functions’ space,

represented by the blue surface. Cutoff models f (C)( ) with decaying correlation spectrum s, as illustrated
by the brown line, have low ED and have access to more restricted functions’ space, represented by the brown
surface.

with @* a given parameter configuration, R < D and with V(9 constructed in order to satisfy the property
> V,,(p 1, (0*)=0for p=R+1,..,K.

Any model of the form of Eq. (10) with structure constants chosen independently of U(Y) and V(9| with
high probability does not exactly encompass y(x) for any choice of the parameters: any such model is agnostic

to the form of y(x), and is referred to as unbiased. Instead, a model féf) (x) specified by the structure constants
f yOT
Fl(‘”)y = Z U(ap Sp ]p,l/ (19>

satisfies f, (9(:1:) = y(x) by construction, and is therefore called biased. This is schematically illustrated in
Fig. 3(a). Importantly, one can define several such biased models with different properties of s,, hence different
effective dimensions, by choosing different values for s,~ g, which have no influence on the model prediction
for & = 0*. Consider for example the following structure constants

D

L) ZU“’ VAOT] 4+ 3 UWe s, [VOT] (20)
p=R+1

with £ a positive decay rate. Since £ induces a decay in the correlation spectrum, and hence a higher spectral
purity tr(S*), a model specified by I'(®) will have on average a lower ED than a model specified by T'(1).
We refer to models constructed as T'(F) as full models, whereas models constructed as I'(®), with an imposed
decay £ > 0 and a lower ED, are referred to as cutoff models. This is schematically illustrated in Fig. 3(b).
Tuning £ gives us a way of tuning the ED, and hence the difference df““ dcgt, which we use in the numerical
experiments presented in the next section.

Partially biased models, which only approximately encompass y(x), can be constructed adding a small
perturbation to V(4 in the data-generating function, i.e., replacing V(4 in Eq. (18) with VE obtained by
adding a suitably chosen random perturbation of strength € to its elements, as we discuss in C. In this way,
I'® and I'® only approximately encompass the newly constructed data-generating function. We quantify
the deviation from y(x) using the following parameter

Saata = |S(VOT —VOTY[o(07)]], , (21)



with |¢(8")) being the K-dimensional vector with components ¢, (8").

2.4 Tensorized models

We now briefly introduce the concept of tensorized models, which allow us to circumvent the exponential
costs (in N and M, since D = dV and K = d™) of constructing and storing the full I' in our simulations.
This enables the numerical study of problem instances with larger number of features N and of parameters
M. The main idea is to decompose the structure constants I' as a tensor network (TN) [42, 43, 44] with a
finite bond dimension x. A TN decomposition of I' is enabled by the structure of the input and parameter
functions’ spaces, which are constructed as tensor products of the spaces ‘local’ to each input feature x,, and
parameter 6,,, spanned by the local basis functions eEZ) (2,) and (™
of I', we consider the following approximation

(61m). To construct a TN decomposition

D x
I,, =~ UinToo o VT , 22
o ;; wpdp, \3/ [ ]a,y (22)

i i corr. spectrum
ortho. rotation + isometry 1% map from param. space

which differs from Eq. (9) by the presence of an isometry T, which is a linear mapping from the D-dimensional
input functions’ space to a y-dimensional reduced space, building an internal TN representation of the input
functions’ space.

We decompose the matrices U, T and V as products of low-rank tensors as follows. The matrix V'
containing the right-singular values of T' is expressed as a tensor-train (also known as matrix product state)
[45, 46], the orthogonal matrix U containing the left-singular values of T" as an orthogonal matrix product
operator (MPO) [47, 48, 49], and the isometry T can be as a tree tensor network (TTN) [50, 51, 52]. We
note that the TN decompositions used here are not the only option, and different ones are possible. In D
we provide the explicit expressions of these decompositions, together with their diagrammatic representation,
the conditions the individual tensors need to fulfill in order to respect the orthogonality of the decomposed
matrices, and details on how we practically generate random instances of those. In the Supplementary
Material we show how to adapt the procedure described in the previous section to generate biased and
unbiased tensorized models. There, we also numerically check that the bond dimension x does not have a
significant effect on the effective dimension. This means that also for tensorized models the ED is controlled
by the decay property of the correlation spectrum, which allows us to use the same procedure as described
before for tuning the models’ ED.

3 Results

In this section we present our main results on the effects of the ED on the training of regression models with
gradient-based methods, and the interplay with the model’s bias towards the regression task at hand. The
regression tasks investigated here consist in training the parameters € of a regression model fg(x), of the
form introduced before, to learn a data-generating function y(x). We consider the situation where we have
Ngrain iNput-output pairs {&;, y(€;) bi=1,... ne., that we use for training the model, using the mean squared

error (MSE) as loss function
1 Ntrain

S (folms) —y(=:)” . (23)

=1

MSE =

Ntrain

The numerical results presented in this section are obtained using Fourier regression models, i.e., with input
and parameter basis functions e,(ffb) () and L,(f;f)(Om) given by Eqs. (7) and (8). For simplicity, we restrict
to the case where the ‘local’ basis sets B,, and Bm, as well as the ‘local’ frequency sets €2, and Qm, are
independent of the feature index n and the parameter index m. The ny,i, input points are chosen uniformly
in [-m, 7]", and the models are then trained with the Adam optimizer [53].

In order to study the interplay of model bias and ED and their effects on training in a statistically sound
manner, we perform several training experiments with randomly drawn data-generating function y(x) and
structure constants I'. Specifically, for chosen dimensions D and K (fixed by the choice of N, d, M and d)7 we
draw random instances of y(x), and many random instances of models, specified by T', with different degree
of bias towards y(x). For any given degree of bias, we train several random instances of full models (Eq. (19))
and cutoff models (Eq. (20)), in order to compare the training dynamics of models with higher and lower

ED, respectively. To visualize this comparison, for any given degree of bias we consider the minimum MSE
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Figure 4: (a) A¢_cMSE, for different values of Jgﬁfll - dggt, for biased (blue points) and unbiased (yellow
points) models. Each point corresponds to A¢_MSE;, averaged over 30 training instances starting from
randomly chosen parameters, for a single random model realization, i.e., a random I' uniformly drawn from
[—1,4+1]P*E. The red line serves as a guide for the eye for zero MSE difference. (b) Training curves for a
random biased model realization, with full model in blue and cutoff model in orange. (c) Training curves
for a random unbiased model realization, with full model in blue and cutoff model in orange. The shading
corresponds to the spread over 30 training instances. For these plots, N =1, @ = {1,...,8} (d = 17), Q= {1}
(d=3), M =7, R =0, ain = 25 with a batch size of 5.

attained during training as a proxy for the training quality, denoted with MSE™! and MSESY for full and
cutoff models, respectively, and study the difference

At MSE i, = MSEM!L — MSESH | (24)
as a function of the difference in the ED between full and cutoff models, i.e., d! — d°a. A positive value of
Af_MSE,i, implies that the full model (with higher ED) trains to a higher MSE compared to the cutoff one,
i.e., the model with lower ED model has a better training performance. Conversely, a negative Ay MSE i,
implies a better performance of models with higher ED.

3.1 Results with full random structure constants

We start by presenting our results obtained by drawing random structure constants I' uniformly drawn in
[—1,+1]P*E. As we show in Fig. 4(a) there is a clear difference in the effect of a higher ED on the training
dynamics between biased and unbiased models. Specifically, for biased models (shown in blue) the value of
A¢_MSEin is positive and increases with increasing cZglgf“ - cig‘ét. Conversely, for unbiased models (shown in
yellow) the value of Ar_ MSE,, is negative (with high probability) and decreases with increasing cig‘#l — dggt.
That is, in the biased case, models with lower ED train to a lower MSE (as can be seen in Fig. 4(b) for
a specific random model realization), whereas in the unbiased case a higher ED is beneficial for training
(as shown in Fig. 4(c)). These results confirm the following intuitive expectation: a model which is biased
towards the data-generating function y(x) and which at the same time has a lower ED, can effectively explore
a functions’ space more constrained around y(x), and is therefore easier to train. Conversely, an unbiased
model with a higher ED can explore a larger space of function, which makes it probabilistically easier to
approximately fit an (in principle) unrelated data-generating function.

To complement these results, we also investigate how a partial bias towards the data-generating function
(as defined in Eq. (21)) influences the training, for different values of d™l' — d¢i. As shown in Fig. 5(a), we
again observe that a higher ED is beneficial in the case of unbiased models (where A¢_.MSE,,i, is negative),
whereas increasing the model’s bias (i.e., decreasing dqata) results in better training performances for models
with lower ED (where Af_MSE,,i, is positive). Furthermore, as shown in Fig. 5(b), there is an extended
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Figure 5: (a) A¢_MSEi, for different values of (fgéf“ — dﬁ%ﬂ for different values of dqata (color scale). Each
point corresponds to A¢_MSE i, averaged over 30 training instances for 30 random model realization. (b)
Same as panel (a) but resolved as a function of dgat. The red line serves as a guide for the eye for zero MSE
difference. For these plots, N =1, Q = {1,...,8} (d = 17), Q= {1} (d =3), M =7, R =6, Nyrain = 25 with
a batch size of 5.

regime in terms of values of d4a1a Where Ar_ MSE,;, is positive, indicating the stability of our results also
in the case of a not perfectly biased model (i.e., dqata > 0). This further corroborates the aforementioned
intuition that a large ED, as a measure of effectively explorable functions’ space, is beneficial for training
models with low bias towards the regression task under study, whereas models strongly biased towards the
task do benefit from a smaller ED. Further results showcasing the interplay between model bias and ED are

provided in the Supplementary Material for different model specifications (i.e., different N, d, M and d), and
confirm the findings presented here.

3.2 Results with tensorized random structure constants

Here we conduct numerical experiments analogous to those in the previous section, adopting the TN de-
composition of the structure constants I' discussed in Section 2.4, to study how the problem size, i.e., the
number of features N and of parameters M, affects our results. The training experiments are set up in the
same manner as those in in the previous section, with the only difference that the models correspond now
to random instances of the TN representing I'. As shown in Fig. 6, the conclusions drawn in Section 3.1
apply independently of the size of the problem and of the models’ details. Specifically, the results shown
in Fig. 6(a) are consistent with those of Fig. 4(a), showing that in the biased case A¢_ MSE,,;, is positive,
i.e., models with lower ED train to a lower MSE, whereas in the unbiased case A¢_ - MSEy;, is negative, i.e.,
models with higher ED have better training performance. We refer the reader to D for a more detailed study
of the dependence of A¢_MSEij, on M and D, showcasing the effects of the models’ under- and overpa-
rameterization [41] on our results. There and in the Supplementary Material we also show further numerical
results on training tensorized models, which confirm the findings presented here.

4 Conclusion and outlook

In this work we investigated how the effective dimension (ED), calculated from the Fisher information matrix
(FIM), influences the training of regression models using gradient descent methods. Specifically, we studied
the interplay between the ED and the bias that a model has towards the regression task at hand, and were
able to draw the following main conclusions. A high ED, corresponding to a high model capacity of exploring
independent directions in model space, is beneficial for training in the low bias regime, i.e., when the model
is largely agnostic to the data-generating function to be learned. Conversely, in the biased regime, i.e., when
the model’s structure is well suited to the problem’s data-generating function, a low ED does result in better
training performance. These results confirm, in a quantitative manner, the intuitive expectation that if the
space a model has access to is constrained (i.e., a model with low ED) around the problem’s data-generating
function (i.e., a biased model), training the model effectively becomes easier. Thus, a high ED does not
always result in a model’s faster training, which we interpret as a further sign of the difficulty of defining a
task-independent evaluation metric that can assess a model’s performance prior to its training.

We foresee several possible directions for extending the presented results. First, it is important to comment
on the fact that our analysis is based on comparing ED, bias and training performance of models with the same
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Figure 6: (a) A¢_cMSE;, for different values of Jg‘flf” — ciggt, for biased (blue points) and unbiased (yellow
points) models. Each point corresponds to A¢_MSE,,;, averaged over 7 training instances starting from
randomly chosen parameters, for a single random model realization, i.e., a random right-normalized tensor
train representing V', a random MPO representing U and a random TTN representing 7. The red line serves
as a guide for the eye for zero MSE difference. (b) Training curves for a random biased model realization, with
full model in blue and cutoff model in orange. (c¢) Training curves for a random unbiased model realization,
with full model in blue and cutoff model in orange. The shading corresponds to the spread over 7 training
instances. For these plots, N =4, Q= {1,....3} (d=7),Q={1} (d=3), M =24, R =2, x = 30, Nyzain = 6*
with a batch size of 12.

underlying structure (i.e., a finite number of chosen basis functions for the inputs’ and parameters’ functions
space). Our choice is motivated by the need of comparing models where bias and ED can be controlled,
while eliminating other potential sources of fluctuations coming from different architectural choices. While
we expect our results not to depend on this choice, we would find it interesting to investigate the same
mechanism when comparing inherently different models, i.e., models accessing different types of function
spaces. For example, designing analogous experiments comparing quantum and classical NNs could yield
more insights on the function classes, and thereby the type of data, most suitable to these two ansatzes.

Given the focus of this work on regression models, a natural extension would be to perform a similar
analysis for classification (see the Supplementary Material for suggestions on a potential generalization) or
generative models. Furthermore, it would be interesting to investigate the questions addressed here also in
the context of natural gradient descent [34, 37], which could help to develop a deeper understanding of the
ED-bias interplay in training ML models.

Finally, there are also several opportunities for establishing a deeper connection between our findings and
the theory of quantum machine learning. One interesting direction could be investigating the connections with
(quantum) kernel methods [54], for which results on the effects of inductive bias (kernel-task alignment) on the
training and generalization performance have already been established [55, 56]. Other important aspects to
be addressed in the future concern the connection to existing works on generalization [10, 11, 57], overfitting
[67, 58], and overparameterization [41] in quantum machine learning. Furthermore, since in our numerical
analysis we primarily focused on Fourier models, we note that there exist several works investigating the
use of Fourier features for dequantizing, or building classical surrogates, of quantum machine learning models
[59, 60, 61]. In the context of our work, it would be interesting to understand what features of a QNN make
it dequantizable via the tensorized model introduced here, generalizing recent works [62] and enabling further
understanding on the function classes encompassed by quantum machine learning models.
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A Fourier series representation of QNN

Here we sketch the derivation of the Fourier series representation for a function fg(x) obtained as output
of a QNN as in Eq. (5), focusing for simplicity on the case of a one-dimensional input. This can be easily
generalized to more input features [29, 31] following the same derivation. We consider L layers of data
re-uploading [32, 29] with unitary Up () expressed as

Uo(x) = [T [S@) w6 , (25)

=1

where the input z and trainable parameters ) are encoded in S(z) and W (8) as angles in rotation
gates. The vector § summarizes the dependence on all H(Z), ie., 0= {0“)}5217,_,];. We can write W ®) (9(6)) =
H}'],le Ggf)w%)), and following [29, 31] we switc(}; t)o the diagonal representations of S(z) and G’gf)w%)).
) o (£:32) g(O)

These have eigenvalues {e’lA“z}a:L___7D and {eﬂ”ﬁ‘ 05, }B=1,..., D, respectively, which make the trigonometric
dependence of fp (x) on the inputs and parameters evident. Using these, we can calculate the components
of the state Up(z)|0) expanded in terms of the functions e **=® and e¢~"s'? with the shorthand notation

1 M

a=(a,...,ar), B = (B1, - Brr), Aa. =2 A, and ng = (nél), ...,néM)). We refer to the Supplementary
Material for the details of the calculation, and we report here the result

fo@) = 3 D~ Diasary g o7 ollmo =m0 (26)
aa B

which has the same form as Eq. (6) in the main text. As an explicit example of the sets of frequencies
accessible to the model, we consider the case where input features and variational parameters are encoded as
—itn.é&

angles of single qubit rotations of the form e™'2 (with ¢ being the feature/parameter to be encoded, n
an arbitrary rotation axis and & the vector of Pauli matrices). In this case, the eigenvalues of the generators

of S(x) and Ggf) (9;?) are \,, € { — %, —&—%} and ngz) € { — %, —&—%}, respectively. For the dependence on

the inputs = we therefore have Ao, — Aoy € { - 1,0,—}—1}7 hence Aq — Ao € { - L,-L+1,.,L— 1,L},
thus yielding the local basis set B = {1, v/2cos(), ..., V2cos(Lz), v/2sin(z), ..., v2sin(Lz)}. Similarly, for

the dependence on the parameters 6,, we have ngz) — 77(5771) € { - 1,0, +1}, which yields the local basis set

for the parameters B,, = {1, V2 cos0,,, V2sinb,,}.

B Properties of FIM for regression models

We provide here a sketch of the derivation of the properties of the FIM discussed in Section 2.2.2. The details
of the calculations are given in the Supplementary Material. Our starting point is Eq. (14), which can be
rewritten as Fjz(6) = (¢(8)|FU*)|¢(8)), with |¢(6)) the K-dimensional vector with components ¢, () and

D
FUM =Bl VS*V'B, =) s2 B/ P,By, (27)
p=1

where B; = I(gl) ® IC(ZQ) ® .00 Q. ® IéM) (with Igf) being the d-dimensional identity matrix acting on
the function space ‘local’ to the k-th parameter), and P, being the projection on the subspace spanned by the
vector V. ,. For showing Eq. (16), it is sufficient to note that thanks to the presence of the projection P,, the
FIM F(0) can be expressed as a sum of at most D linearly independent M x M projections, which implies
that its rank can be at most D (if M > D). For showing Eq. (17), we use results from random matrix theory
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[63, 64, 65] to derive the expectation value and the variance of the FIM elements over random realizations of
V € O(K). In particular, we show that

Eveox) [Fik(0)] = (L(G)IBJ‘TBHL(O)) ) (28)

and

T 4
VaI‘VEo(K) [FM(G)] = ¢ ](52) {(L(0)|BJTB]€’L(0))2+

(u(6)|B] B,]1(6)) ((6)| B B (0)) | + 0

O(K™3).

Then, using the orthonormality of the basis functions L,(,?(Om), one has that (0)|B;Bk’1,(0)) € O(K) if
j = k, being suppressed otherwise, which results in Eq. (17).

C Construction of biased and unbiased models

In this appendix we provide more details on the construction of biased and unbiased models. Further details
can be found in the Supplementary Material. We start from the expression of the data-generating function y(x)
provided in Eq. (18). In order to construct a K x D matrix V(@ with orthonormal columns and satisfying
the property -, Vy(f,lj) 1, (0°) = 0 for p = R+ 1,...,K, it is sufficient to construct is as V@ = [V W],

e., by horizontally stacking a K x R matrix V and a K x (D — R) matrix W both with orthonormal
columns, satisfying W'V = 0 and with >, W, ,(8") = 0. Once V has been constructed (e.g., randomly
drawn), the two conditions on W can be implemented using Gram-Schmidt orthogonalization from a set of
(D — R) randomly chosen vectors. For constructing partially biased models, we replace V(9 in Eq. (18)
with V;(d) obtained by adding a random perturbation of strength € to its elements. This is done by setting
v = ortho(V(@® + € @), where G is a K x D matrix with standard Gaussian entries and ortho(-) refers to
the process of Gram-Schmidt orthogonalization of the columns of the argument.

D Tensorized models and additional results

Here we provide details on the construction of tensorized models together with additional numerical results
on the effects of bias and ED on their training dynamics. More details on their construction and further
numerical results can be found in the Supplementary Material. The tensor-train representation of V' has the

following form
X

Vo~ Z plilv pl2vae -V[M] 24 (30)

o,a1 Yai,az apm—1,1"

where V™ are rank-3 tensors satisfying the right-normalization condition, in order for V to have orthonormal
columns. This decomposition of V' admits the following graphical representation

V1 Vo

Vio = | | (31)
o —] 14 Vi |

The orthogonal matrix U is decomposed as an orthogonal matrix product operator (MPO)

X
Uu,p =~ Z L[[l]“l P12 pasp2 u[M UN PN ’ (32)

1,a1 ai,az an-—1,1
al,...,aN—-1= 1
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Figure 7: (a) A¢_<MSEp, for different values of diif! — d°it, for biased (blue points) and unbiased (yellow
points) models. Each point corresponds to A¢_MSE,,;, averaged over 30 training instances starting from
randomly chosen parameters, for a single random model realization, i.e., a random right-normalized tensor
train representing V. The red line serves as a guide for the eye for zero MSE difference. (b) Training curves
for a random biased model realization, with full model in blue and cutoff model in orange. (c¢) Training curves
for a random unbiased model realization, with full model in blue and cutoff model in orange. The shading
corresponds to the spread over 30 training instances. For these plots, N =1, Q@ = {1,...,17} (d = 35), Q = {1}

(d=3), M =32, R=17, x = 60, nyrain = 30 with a batch size of 5.

(a) 10° ¢ 0 st ge (b) g0 R

= 10_1 !! .! ° '. 30 e 10_1 & S, ‘. [ S * : O 3

) o * g 2%
I Tl ettt p NP ) [ - | fo2®
= 1071 e ‘»gf = 101 ° MI
7 b ° T > £
41001 L e S o0 o 10 A 0 Ay 0.1&s
< 2 s ¢ —10 X

10! byt i R g
0.0 ~ 02 10° 10t
d?f}fu - dtgt 5(1‘(1“5‘{1‘

Figure 8: (a) A¢_MSEy,;, for different values of czfe%“ — ciggt, for different values of dqata (color scale). Each
point corresponds to A¢_MSE i, averaged over 30 training instances for 30 random model realization. (b)
Same as panel (a) but resolved as a function of dqata- The red line serves as a guide for the eye for zero MSE
difference. For these plots, N = 1, Q = {1,...,17} (d = 35), Q = {1} (J =3), M =32, R=17, x = 60,
Nirain = 30 with a batch size of 5.
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with U™ being rank-4 tensors constrained to yield an orthogonal U. The TN decomposition of U has the
following diagrammatic representation

M1 1 = P1
M2 — — P2

Upp = U ~ (33)
MN —  — PN BN | YINT - PN

Finally, the isometry T' can be decomposed as a tree tensor network (TTN) with the following diagrammatic
representation

P1 —
(1]
Tny
P2 —
_ (1]
P3 o 7{21
Tnj
P4 —
Tho = 7‘[51 — o (34)
Ps —
(3]
il
P6 — 712
2]
P71 —
4]
Tny
P8 —

where the tensors T([ZT] are isometric rank-3 tensors. Further details on the explicit construction of U, V' and
T can be found in the Supplementary Material.

Further numerical results on the effects of ED and bias on training are shown in Figs. 7 and Figs. 8, for
models where only the matrix V' is decomposed as a tensor train. The numerical experiments presented here
are conducted in the same way as discussed in Section 3 in the main text, and confirm the conclusions drawn
there: a lower ED is beneficial during training (A;_MSE,;, is positive) for models that are biased towards
the data-generating function to be learned, whereas in the unbiased case a higher ED leads to better training
performance.

In Fig. 9 we show how A;_ MSE;, behaves as a function of M and D for different sizes nyain- The
dependence of A¢_-MSE,,;, on M and D is mostly visible in the biased case (panels (a) and (c)). In particular,
Af_MSEi, rapidly decreases as a function of M reaching an approximately constant (but still positive)
value for M > D (Fig. 9(a)). The regime M > D corresponds to the overparameterized regime [41] where the
number of parameters is larger than the dimension of the space of functions accessible by the model. Hence,
several redundant parameters exist, which make the training of a model easier, independently of whether this
is has a high or a low ED. As a consequence, in this regime we observe a reduction of Ay MSE;, since the
model with high ED can effectively rely on more redundant parameters for finding the global minimum of
the loss. Consistently, A¢_ . MSE,;, rapidly increases as a function of D reaching an approximately constant
value for D > M (Fig. 9(c)). The regime D > M corresponds to an underparameterized regime where, in the
biased case, the absence of redundant parameters results in a better training performance of models with low
ED.
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Figure 9: (a) and (b) A¢_MSEmnin vs. M for biased and unbiased models, respectively. Here N = 1,
D =25 Q={1}(d=3), R=3and x = 50. (c) and (d) A;_¢MSEpi, vs. D for biased and unbiased
models, respectively. Here N = 1, M = 50, Q= {1} (J = 3), R = 2 and x = 120. In all panels, each
point corresponds to A¢_MSEi, averaged over 30 training instances and 30 random model realizations, i.e.,
random right-normalized tensor trains representing V. The color scale refers to the number of training data

used Nypain, With a batch size of 5.
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Supplementary Material

S1 Preliminaries: regression models and structure constants

We quickly recap our definition of structure constants for regression models that we use in the main text as
well as in the derivations presented in this document. We consider regression models taking as input a vector
x € RV, with N the number of input components, and parameterized by M trainable parameters 8 € RM.
We focus on a single real output, in the case where it can be expanded in a finite number D and K of inputs’
and parameters’ basis functions e, (x) and ¢, (0), respectively, as

D K
fo(@)=> "> T.,eu(x) (). (35)

p=1v=1

The coefficients I' € RP*X are called structure constants of the model, while the basis functions e, (x) are
taken to form orthonormal bases in the D and K-dimensional spaces of input and parameters functions,
respectively, i.e.,

Bavplen(@)en(@)] = [ cul@)ep (@) pl@)do = b (36)
with p(x) the probability density function for the inputs, and

i/ LV(Q)LV/(O) de = (5,,’1,/ 5 (37)
Vo Jo

with © denoting the parameter space and Vg its volume. As discussed in the main text and later in this docu-
ment, for a broad class of quantum neural networks (QNNs) we have e, () = e, ..., uy)(T) = ngl efﬁ) ()

and 1,(0) = 1@y, 00 (0) = T L(m)(ﬂm), where

m=1 “Vm

e (@) € By = {1, V2cos(wnan), V25in(wnzn) fu, e, »
L (0,) € B = {1, V2co8(@mbm), V2 SIn(@mbn) Yo, car s (39)

normalized in the interval [—m, ], with Q, and Q,, finite sets of frequencies the QNN has access to. In
the common situation where the inputs are encoded multiple times via the re-uploading technique [29, 32],
and both input features and parameters are encoded as angles of single qubit rotations, the sets €2, and Qi
comprise only integer frequencies and read as ©,, = {1,...,L} and Q= {1}, with L being the number of
times the input features x,, are uploaded.

The structure constants I',, , can be viewed as elements of a D x K real matrix I' which admits the
following singular value decomposition (SVD)

r=usv'’, (40)

where U is a D x D real orthogonal matrix satisfying with UTU = UU ' = Ip, S = diag(sy,...,sp) is a
D x D diagonal positive semi-definite matrix (with diagonal ordered as s;1 > s3 > ... > sp), and V is a
K x D real matrix with orthonormal columns, i.e., V'V = Ip. The singular values s, control the correlations
between the parameter space and the functions in the input space, and the set {s,}, is therefore referred to
as correlation spectrum.

S2 Basis functions and structure constants of QNNs

We now provide the explicit connection between the form of regression models introduced before and the
outputs of quantum neural networks (QNNs). We define a QNN as function fg(x) defined by a parameterized
quantum circuit (PQC) as [4, 29]

fo(x) = (0|Ug(@)M Up(2) |0) = (o (@)| M |¢e(@)) , (41)

where Ug(w) is the unitary operator implemented by the PQC, acting on a D-dimensional Hilbert space, and
M is an observable whose expectation value over the parameterized state |tg(x)) corresponds to the QNN

22



anenn:

Figure S1: Schematics of the parameterized quantum circuit used as a QNN.

output. We consider a general PQC implementing L layers of data re-uploading [32, 29] with the following
unitary (see Fig. S1 for a visualization)

Uo(x) = [| [S*(az) WO (9(“)] . (42)

=1

The S (z) is a unitary operator where the components of the input datum « are encoded as angles in rotation
gates. The W(Z)(O(Z)) are variational blocks, where the trainable parameters 0 are also encoded as angles

.....

S2.1 Fourier series representation of QNN

We now show that QNN outputs as Eq. (41) can be expressed as Eq. (35) with e, (x) and ¢, (@) trigonometric
basis functions given by Eqs. (38) and (39). We show here for simplicity the case of a one-dimensional input
2, while this can be easily generalized to more input features [29, 31] following the same derivation. Without
loss of generality, we can write the variational blocks as

Jy
W(Z)(g(f)) — H GO (9(_4)) : (43)

Je=1

where the dependence on the single parameters 0%), the components of 0“), has been split into individual
operators Ggf), as it is typically the case for QNNs where each parameter controls one rotation gate. We then

switch to the diagonal representation of S(x) and G’;?(H%))

S(@)=VS@) Vi &P =0T E) Q0T (44)

Je

. _ . . (Edg) ()
with Y (z) = diag({e~"*},—; p) and F;f) (9](5)) = diag({e " 05, }s=1,....p). To ease the notation, we

count the parameters with the index m replacing the labels (¢) and jy, i.e., Q;f) = O, Q%) — Qm and
fg? — f‘w Then,

Jr
Ue(x) :fox) Vi H Qm f‘771(6771) an X
m=Ji+...+Jp_1+1
Jr—1
VS(z) Vi 11 Qum T (0) QF, %

m=Ji+...+Jp_2+1

X
J1
V5@) V1 T] G Pl @)
m=1

The components ;(; 8) of the state |1hg(2)) = Ug(z) |0) correspond to the elements [Ug(x)L , of the unitary

Ug(x). In order to arrive at the Fourier series expansion of v;(x;0) we start by considering the Fourier
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expansion of the following sequence of unitaries:

[Q2T5(02) Q4 Q1 T1(61) Q1] , = > [Q2T2(62) QY Q1 T1(01)], 5, [Q1] 5, ,
B1

X _inWe,
_ Z Q2 Iy (02) Q Q ]k,ﬁl [QHBl,le Ny, 0

(1

S 000l 0] ]

B
1M o y ) . (1)9 (46)
_ o1
P DDV CE IR ICH I G P
1,P2 M
At oy —in@®e
Z Z QQ k,Ba QQ] B2, [Ql]’h B1 [Ql]ﬁl 177/3 1 177 2
B1,82 M1
= Z ql(fllﬁz) 17751)91 11722;92 7
B1,B2
with q(Bl’B2 =X, [Qg] b [Qﬂﬁ%71 [Ql]"/hﬁl [Qﬂﬁhl. This can be iterated over longer sequences, e.g.,
[Q3T3(03) QF Q2 T'2(62) Q) Q1 T (6, )QT]
_ <> e
3 QT Q] e e
B1,82 V2
_ )9 _ (2)9
Z Z Qs T'3(03)] kﬁs [Qs]gsm gfl e 00
B1,82,83 72 (47)
> D [Qsly 5 [Q4, 00 e im0 i) 02 o im0
P33 3,72 ’
B1,B2,83 72
— Z q(ﬁlﬁzﬁs) —177(1>91 —177(2)92 —171(3)93
= k1 :
B1,B2,83

Thus, iterating this calculation over all operators in the expression for i;(x;0) = [Ug(l‘)L , (including also

the V and 3(z) operators from the encoding) we arrive at
> qu P grias om0 (48)

where we adopt the shorthand notation o = (al,...,ozL), B = (Bi,Bum), Aa = Dy Ao, and mg =
(77},11) ,ngM)) The QNN output can be therefore expanded as

fo(z) = (Yo ()| M |vg(x)) = D Mi; ;i (x;0)¢;(;0)

4,J

_ Z Z ol(ha—Ag)z i(ng—ng:): eZM q(a’ﬁ)*qj(o{ i8") (49)

a,a’ 8,8 .7
— a iAo‘—Aa/ T i - 1)-0
= > Dlaan.a) S elmemmen) €
ool 8,6/
with I‘(a ), (BB = 2 M, M qz(cf’ﬁ)* (58 We now denote the sets of frequencies generated by the encoding
and variational gates as
Q={Aa — A, @, @' € [D]F}, (50)
and
Q= {0 =05, Bun By = 1., D} . (51)

We can therefore write

M
= Z Z Z w,(D1,..., o) elwx H elwm m (52)
m=1

weRg e omeQn

and, after expressing the Fourier components in terms of real trigonometric basis functions and normalizing
them in the chosen input and parameter space, we arrive at the desired form of Egs. (35), (38) and (39).
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depth = (b) depth =2
O ™ n

a

8
D

z 0
Xy ={21,..., 25,2, %3, T4}
Oy = {01,...,05,07,0s,09}
ngs) _ Qgh) _ Qz(llh) ={1,2}
Q@) — o) _ (1) By, = Bx, x Bo,,
028, = {1}

Figure S2: Schematics of the construction of the backward light-cones (BWLCs) for calculating the admissible
QNN basis states. The blue and red single-qubit gates are the gates where the input features x,, and the
parameters 6, are encoded, respectively. The gray gates are multi-qubit entangling gates. The green shaded
areas denote the extension of the BWLC from a given measured qubit. The gates belonging to the BWLC
are framed in green. (a) For entangling layers coupling only nearest-neighbor qubits on a chain (depth one),
the BWLC increases by two qubit lines for every layer of entangling gates. (b) For entangling layers coupling
up to next-nearest-neighbor qubits on a chain (depth two), the BWLC spreads faster, i.e., by four qubit
lines for every layer of entangling gates. (c) Explicit example of construction of BWLC for the third qubit
of a five-qubits QNN. &, and ©,, are the sets of input features and parameters contained in the BWLC,
respectively, and include how many times a given feature or parameter appears. The set of Fourier frequencies
leqs) capture this multiplicity (i.e., Qg{m ={1,..., L} if z,, appears L times in X,;). The sets of frequencies
Q%q?’) and Qéq‘q‘) define the basis functions By,, and B@q3. The functions obtained by measuring g3 belong to

the product space span(Bx,, ) ® span(l’;’@q3 ).

S2.2 Dependence of structure constants on QNN entangling layers

Here we discuss how the structure of the entangling layers in a QNN influences the space of functions the
model has access to. For simplicity, we consider the situation where input features and variational parameters
are encoded as angles of single qubit rotations of the form emignd (with ¢ being the feature/parameter to
be encoded, n an arbitrary rotation axis and & the vector of Pauli matrices). We define an encoding layer to
be the sequence of single-qubit gates encoding the input features on all qubits as

N
S(x) = H e~ (53)
n=1

where we assume for simplicity that the number of qubits equals the number of features N. Similarly, we
define a wvariational layer to be the sequence of single-qubit gates encoding N variational parameters 6 on
all qubits as

NO)

N
ROW) =[[e o, (54)
n=1

When using the data re-uploading technique, encoding and variational blocks are repeated multiple times and
interleaved with entangling layers V, i.e., sequences of multi-qubit gates. We assume these gates to be fixed,
i.e., not parameterized by any variational parameter. At the end of the sequence, a (optional) measurement
unitary W is performed, accounting for the rotation to the measurement basis (assuming for simplicity only
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one measurement basis is used). The resulting unitary is then

Uo(w) = [T [S(a) R(6“) V]V , (55)
=1

which corresponds to the structure discussed previously setting WOy = ROO)V. We consider the
situation where (after the unitary Wjy), all qubits are measured in a fixed basis, e.g., the z basis, and the
outputs summed together to form

N
fol@) =Y _(0|Uj(x) 6% Us() |0) (56)

which corresponds to the structure discussed previously setting M = ij:l 6%. Our goal here is to investigate
how the structure of the entangling operations V and potentially W influences the structure constants I' of
the model. More specifically, we define the depth of the entangling (and measurement) layers as the number
of qubits that are entangled to a given one after applying the layer to a product state (i.e., on a linear chain,
depth one corresponds to the layer consisting of nearest-neighbor two-qubit gates, depth two to next-nearest-
neighbor three-qubit gates, and so on), and we study how the depth affects the basis functions e, (x) and
1,(0) accessible to the model.

To do this, we introduce the concept of backward light-cone (BWLC) of a given measured qubit (see Fig. S2

for a schematic representation). The BWLC of a measured qubit ¢, is the set of input features &;, and the
set of parameters ©,, the one-qubit reduced density matrix for g,, depends on, defined as
b, (w,0) = trg: [Ug(a) |0) (0] Uj(x)] - (57)

Input features and parameters encoded via gates outside the BWLC cannot influence gy, (x, ), since their
effect has not had ‘time’ to be propagated to g, via the entangling gates. Importantly, X, and ©,, are defined
to also account for the multiplicity a given feature or parameter appears in the BWLC. These therefore allow
to define the sets of Fourier frequencies o) (for z € X,,) and Qéq”) (for § € ©g, ) for the Fourier series
expansion of the elements of g, (x,0), and therefore of the expectation value (0| Ug(w) 6% Ug(x) |0). For
instance, if a given input feature z € A&} is contained ¢ times in &} , then Q) = {1,...,¢}. The sets of
frequencies ng”) and Qéq") define the basis functions B&q“ and ng”)

B:(vq”) — {1, \/ECOS(WI'), \@Sil’l(wx)}wleqn) 3 (58)
B"éQn) — {1’ \/ECOS((Z)Q), \@sin(ﬁ)@)}weﬁ(qm ) (59)
0

which can then be used to define inputs’ and parameters’ basis functions By, —and B@qn for g, (x,0) as

Bx, = X B and Be, = X B, (60)

an
TE€X,,, 0€0y,,

i.e., as the product sets from all single-input (single-parameter) basis functions in the BWLC. The elements
of 9g, (x,0), as well as the functions obtained by measuring ¢,, belong to the product space span(By, ) ®
span(l?eq” ), with basis set given by

B,, = Bx,, % Be (61)

Importantly, the number of basis elements [Bx, | < (2L + 1)V, and similarly |Bx, | < 3", since in general
the BWLC from g, does not contain all encoding and variational gates. More specifically, the smaller the
depth of the entangling layers (and of the measurement operator), the ‘slower’ the BWLC spreads, i.e., the
smaller the sizes of &, and ©,,, and therefore |By, | and |Bx, |, become. This is schematically shown in
panels (a) and (b) of Fig. S2.

Since the QNN output is given by the sum of all (0] Ug(:l;) 62 Ug(x) |0), the basis functions it has access
to are given by

an

N
B=|J B, . (62)
n=1

which, depending on the depth of the entangling and measurement layers, may have less elements than the
maximum number (2L + 1)V x 3M,
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Figure S3: (a) QNN layouts used for the numerical analysis in this figure. Each color is related to a different
structure of the two-qubits entangling gates in the measurement layer. (b) and (c) Scaling of |Bx| and |Be,
respectively, for the different layouts (with By = X::]:l Bx, and Bo = ij:l l’;‘@qn). Maximum values
(2L + 1) and 3™, with L = 2, N = 4 and M = 8) are obtained for entangling layers with depth scaling
with N. (d) Correlation spectra for the different layouts (50 independent model draws per layout are shown).
(e)-(f) Purity of correlation spectra for the different layouts, with lower bound 1/|Bx| shown by the black
dashed line in (e), and normalized by the lower bound in (f). |Bx|tr(S*) does not strongly depend on the
layout. (g) Normalized ED for the different layouts: also the normalized ED does not strongly depend on the
layout, mirroring the weak dependence of |Bx|tr(S*) on the layout.
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In Fig. S3 we show how the structure (depth) of the measurement layer in a simple QNN influences the
number of basis functions, the correlation spectrum and the ED of the model. The different QNN layouts
compared are shown in panel (a). For each model layout, for we consider random structure constants T
uniformly drawn in [—1, +1]P*X with the elements corresponding to basis functions outside the allowed basis
set B set to zero. In panels (b) and (¢) we show how the sizes of By = Xi:;l Bx, and Bo = Xivzl B@qn scale
for the different layouts, where we can observe that indeed the maximum size of the basis sets ((2L + 1)V
and 3M) is achieved when the depth is [ N/2|. For random model realizations corresponding to the different
layouts, the correlation spectrum (shown in (d)) has a purity tr(S*) whose value is close to the lower bound
set by |Bx|~! as shown in panels (e) and (f). This in turn results in the normalized ED not having a strong
dependence on the QNN entangling layer structure. Therefore, a more in depth investigation should include
information on the actual distribution of the values of the structure constants (here taken to be uniform),
which depends on the details of the individual gates in the QNN circuit.

S3 Definition of Fisher information matrix

We provide here further details on the definition of the Fisher information matrix (FIM), and how to poten-
tially extend our results to the case of models used for classification, thus going beyond regression models.

S3.1 FIM for regression models

We derive the formula used for calculating the FIM in the case of regression with mean squared error (MSE)
loss function. For a statistical model p(x,y; @) the elements of the FIM are defined as [33, 34, 35]

dlogp(x,y;0) Olog p(x, y; 0
F(0) :E(”)N”{ 99, | a(ok | (95)
which can be rewritten as
0log pe(y|x) 0log pe(y|x
Fia(6) = Ba | S EBA IR DR IOLIZ) | (69

by noting that p(x,y;0) = p(x)pe(y|x), with pe(y|x) being the model output probability conditioned on the
input . The quantity — log pe(y|x) = £(y, x; 0) corresponds to the negative log-likelihood, typically used as
loss function for training statistical models. A statistical model corresponding to the MSE loss function can
be constructed by setting pe (y|€) = Ny(a),02(y) with

()2
Nio(@).02(y) = U\}%exp[ = (yéf;())} (65)

for a fictitious o [36, 37, 38, 39, 40], with fo(x) being the deterministic regression value output by our model.
Using 8y, pe(y|x) = 07 2(fo(x) — y) Do, fo(x), we can rewrite the FIM as

= Ba | [ Ny o) (ola) — 2+ a2 2002) | (60

Performing the Gaussian integration over y, we finally arrive at

0fo(x) afg(a:)}
00, 06, |’

Fip(0) =0 2K, { (67)
which corresponds to the definition used when setting o = 1. This definition makes it clear that the FIM can
be interpreted as a metric tensor that that determines the response of the output of a model to a local change
in the parameters, averaged over the input space, as

M 2
Ba[(foan(e) — o)) = x| (3 2o ag;) | + o(lael?)

—ZE [ag}a 8% )]de doy + O(||d8?)

~ dOTF(G) de .
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S3.2 From regression to probabilistic models

Our FIM analysis and arguments could be extended to the case of probabilistic models by making the following
observation. Let us for simplicity consider the case of classification of discrete labels. For a given input  and
parameters 8, the model outputs the probability py(z;0) for a given class £, with >, p/(x;0) = 1. The FIM
elements in this case are

A B 0log pe(x;0) dlogpe(x;0)
Fj4(6) = Eat [ 90 90,

oy Ologpe(x; 8) Olog pe(; 0)
= Ea {Zm(w"g) 09, 905
V4

B 1 O pe(x;0) Ope(x; 0)
= Ea {; pe(x; 0) 09; 00y,

= 4E, {Z 0\/pe(; 6) 3\/17@(96;9)]

06, 0,

14

_ 0qe(x;0) 0qe(z; 0)
=ie| SR

4

where we set g¢(x; 8) = \/pe(x; 0). The above expression has now the same form of that for regression models,
for which the analytical arguments presented in our work apply.

S4 Analysis of FIM for regression models

In this section we establish the connection between the FIM and the properties of the structure constants I,
with particular focus on how the correlation spectrum S influences the spectral properties of the FIM.

S4.1 Derivation of diagrammatic FIM expression

Here we derive the analytical and diagrammatic expression of the FIM elements in terms of the structure
constants I' and the related correlation spectrum and singular vectors. We recall the definition of the (local)
derivative tensor 8U), introduced as

21,(0) 959 (6)) " N "
a2 = S O T o) = (060, 4260 ) TL o0 (70)
J T m#j i m#j
For example, if
9(6;) = {1, V2cos(6;), ..., V2cos(Lb;), V2sin(;), ..., V2sin(L6;)} , (71)
for some integer L, the derivative tensor 3U) is a (2L 4 1) x (2L + 1) matrix of the form
0 00 ---0 00 ---0
0 1
0 2
0
59 = |0 | (72)
0] -1
0 -2
0
0 —L
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The derivative of the model output fo(x) takes then the form

o) _§~, ()3T, 2200)
= eu(x) Z L.
0, 2 20,
D
= Zeu(w) Z Fp,,(z/l...VM Zﬁl(/?zﬁj m{ ( ]) 1(/7,:)(97”)
u=1 v=(1...Vm) Kj m#j
D
= Z e#(w) Z Z B’(ﬁ{)w w,(V1.Kj...vnr) LV(a) (73)
n=1 K v=(v1...vm)
D D )
= Zeu(m) Z LV(O)ZUHW SPZ/BI‘(QJ]'),V]' [VT]P7(V1~~~HJ'-~V]\4)
u=1 v=1...Vm) p=1 Kj
D K
=> Y AD) eu(x) 1 (6)

with AE{L = Zf)):l Uupsp an 6,%)% [VT]py(Vl_“,ﬁj“_l,M). The element Fj j, of the FIM then reads as

B dfe(x) 0fe(x)
Fix(0) = “{ 06, 00y, }

= Z Z A(J A( ),,/ Ly ) Ly’ (0) Em [eli(m) 6“/ ((17)}

! v
=33 AD AL, 1 (8) i (8)
woov!
— Z 1,(0) 1, () Z SpSp Z Upp Uy pr X
v,V psp’ M
el (k) T 74
Z B;gj VJ[ ]p,(l/l...){,j...l/]yj)ﬂﬁ;wyl/c [V ]p/v(ui"ﬁ;c"'”z,w) ( )
Kj, Iik
=2 w®)uw () 55 > BV oy ann X
v,v’ P NJ,Hk

(k) T
5H2,y/k \4 ]p(u; )

Z]-“(J’/ 1,(8) 1,/ (8)
= (L |}"(J’k 0(8)) ,

where in the second line we used the fact that Eq [e,,(z) e,/ ()] = d,,,,, in the fourth line 20 UupUnpr = 0pprs
and in the last line ’L(O)) the K-dimensional vector with components ¢,,(8). In the above equation, we define
the FUF) tensor as

uy/ = Z Z ﬁn,,u, T p (V1~~fij~~VM)/Bl(€Z),l/,’€ [VT]p,(U{.'ﬂ;-.'V}VI)
Kok, (75)
= [(VTBj)TSQ V'Bi)],, -
where B; = Iél) ® IC(ZQ) ®..0 80 ®.® IEM) (with Igf) being the d-dimensional identity matrix acting on
the function space ‘local’ to the k-th parameter).
The FU-F) tensor introduced above and the FIM elements can be naturally represented as tensor networks.
This is useful for evaluating the FIM for tensorized models, for numerically studying models with larger number
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of parameters and input features. The A,(f)y tensor

141 Vs VM
ALJL - B (76)
i O N S
The fgl’,’f) tensor
v v
vi — g0 VvV V= BW® =,
FIM (77)
VM ——— — V)

I@J

which then leads to the tensor network expression of the FIM elements

¢ (6y) | N 1 (6,)
(0, H s H v v H B0 .06,

Fjr(0) = (78)
LD (0, M) (0,r)

T_@j

where ¢()(0;) is a rank-1 tensor (vector) whose d components are the local basis functions evaluated at 05,
e, 10(0;) = (17(0;),....9(6))).
S4.2 Correlation bounds on FIM and effective dimension

We show here that the effective dimension (ED) is upper-bounded by the rank of the correlation spectrum D
(in case D < M). To do this, it is sufficient to rewrite Egs. (74) and (75) as

D D
Fin(0) = s> (u(8)|B] P, B|u(0)) = 52 (u(0)|B] P, P, Bi|u(9))
(79)

with P, being the projection on the subspace spanned by the vector V. ,, which satisfies P,;r P, = P, used in
the first line, and P, By|¢(8)) = o (0)|v,) with |v,) = V. ,. This allows us to write

D
F(0)=> 52 Pare) » (80)
p=1

with Pye(g) = a”(0) a”(0) T, which is proportional to the projection onto the M-components vector a”(0) =

(af(6), ..., afw(O))T. Since F(0) is a sum of at most D linearly independent projections, we conclude that
rank F'(6) < D. By the results of [27], the ED is upper-bounded by the maximal rank of F'(@), and hence by
D in the regime D < M.
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S4.3 Random matrix theory analysis of the FIM

We derive here the expected value and variance of the FIM elements over random realizations of the orthogonal
matrix V € O(K), with O(K) the group of K x K orthogonal matrices, using results from random matrix
theory [63, 64, 65]. We recall the expression of the FIM elements derived in Section S4.1

)= S 0 0)= (@70 e, oy

with [¢(6)) the K-dimensional vector with components ¢, (0) and

(3,k) VT (k) T
F —ZS > BV otnms s B g [V o0 o)
Kjsh (82)

= [(x/TBj)Hq2 (VB
We start by computing the expectation value of F} ;(0) over O(K).

Eveor) [Fk(0)] = Eveo [(¢(0)|(V T B;) T S* (V' By)|(6))]
= («(8 |B-T EVeO<K) [V S2VT]Bi|u(6))

- Z Ll/ Ly’ Z[B;L/,K[Bk]l{/,l/l Z si IE:VEO(K) [Vn,pvn/,p:l

e P (83)
= 2 2 00) 1 (O) B Bl Y52

ul/’ K 4
= ") (u(6)|B] Biu0)) .

where in the third line we used [63, 64, 65]
5n,i<a’

Eyco) [VioViero] = = (84)
In order to calculate the variance Vary cox) [Fj,x(0)] we need the following identity [64, 65]
EVEO(K) [Va,pvﬁ,pva’,p’vﬁ’yp/] =
_ KD*?); Suvs Bur 1 — Dl% (Gaar 03,7 + B G ) +
5 [[;;(1 Suver 0,50 — D1§< (3.5 8 1 + B B ) + (85)
K+1

1
7D§( (Soéﬁ/ 5(1/#.3 - Dii’( ((5(17[3 (50/’5/ =+ 5(1’0/ 6ﬂ,[3’):|

(;Oz,ﬂ 504/,5/ 6 Y -
=%t g (5a,a/ 0p,8" + 0o, 5af,ﬁ)+(9(K %),
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with D} = K(K — 1)(K + 2). The variance Vary o) [Fj,,(0)] is then

Vary o) [Fj.x(0)] = Eveo(x) [F 1(0)%] — Eveo) [Fj, ]
*ZLV n ZL”/ Ln/ Zspsp,x
v',n! psp’

Y 1B lvalBilsnlB v [Bilsaw x
a.B.al 8"

[EVGO(K) [Va,pVB,pVa’,p’ VB’,p’] -

Eveo(x) [Va.n Va0 Eveo) [Var,p Vﬁnp'ﬂ

=35 > () 6) Z 1/(8) 1 (8) x (86)
S (B el Bil sl B o Bil s +
a,B
(B lvalBils.nl B 151 Bla ) + O(K )
= “I(i ) [(L(a)yBJTBk|L(0))2+
((60)] B B[1(8)) (w(8)| B] Bi|u(6)) |+
O(K™3)
Thus we have )
Eveow) [Fjx(0)] = tr(f‘g ) (u(0)|B] Bi|e()) , (87)

and

T 4 2
Varyeo ) [Fj x(0)] = tj(fz) [(L(9)|B]-TB,€’L(9)) n
((0)|B] B;|1(6)) (+(6)| B Bk;b(e))} n (88)
O(K™?).

We now examine the expectation value (L(9)|BJTB;€’L(0)), to be able to make further statements about
F; 1(0).

w0187 Bul0) = ( X 60, 80019 00) (3 4, 0000 )

vV} Vi,Vy, (89)
I (ng) ) um) gm)) ,
m#j,k
Recall the normalization of the basis functions L(JZ) (Om), ie.,
Eo,, [ (0rn) 157" Om)| = Surmr, (90)

Then, since B} By, is an off-diagonal matrix for j # k, the expectation value (¢(8)|B] Bx|¢(8)) is suppressed
in expectation over @ in this case. On the other hand, for 5 = k, BjTBj is diagonal and positive semi-definite,

hence the expectation value (¢(6) ’B]—»'—Bk |¢(8)) has a magnitude scaling as O(K). Summarizing, in expectation
over V € O(K) and 6 we have

O(1)tr(S?), forj=k
E[Fch] € {O(Kl)tr(sz) , forj#k (91)
Var[F; ] € O(1) tr(S?) .



S5 Details on construction of tensorized models

Here we provide more details on the construction of the tensorized models used in the main text. This is
based on the tensor network (TN) decomposition of the structure constants I', starting from the following
approximation

X
Lpw = Z Z Upp Lo S0 [VT] o " (92)
p o=1

which differs from Eq. (40) by the presence of an isometry 7', which is a linear mapping from the D-dimensional
input functions’ space to a y-dimensional reduced space, building an internal TN representation of the input
functions’ space. We decompose the matrix V' as a tensor-train [45, 46]

X
Voo . Yyl yitie (93)

o,a1 Yar,az ap—1,10

where VI are rank-3 tensors satisfying the right-normalization condition

Z Z Vv, VI = (94)

vm=1lam=1

in order for V to have orthonormal columns. The TN decomposition of V' admits the following graphical
representation

141 V2 s Vm " V2 s Vm
Vo = | | | ~ (95)
o —] % \ o —pllHypi2l— ... 1]

In order to construct a random right-normalized tensor train representing V', it is sufficient to generate
random tensors V™ by reshaping randomly generated matrices V™ with orthonormal columns (i.e., satisfying
Vi Tyim = T) with elements VETi,am).amfl
normalization condition. The orthogonal matrix U can be decomposed as an orthogonal matrix product
operator (MPO) [47, 48, 49]

= VL[::] Ymem- These, by construction, satisfy the above right-

X
Uy ~ Z u[l] B1,p1 u[?] uz P2 Z/I[M HNPN (96)

1,a1 an-1,1
a1,...,aN—-1= =1

with U™ being rank-4 tensors constrained to yield an orthogonal U. The TN decomposition of U has the
following diagrammatic representation

1251 — = P1
H2 —  — P2

Upp = U ~ (97)
UN — +— PN N 4 YINT - PN

In our numerical examples, for constructing random orthogonal MPOs we restrict to the case of the matrix
U having a so-called ‘staircase’ structure, which graphically corresponds to

pm— —m p - p1
U2l
H2 —  — P2 H2 M P2
U;L,p = U . U2.3] (98)
M3 — —P3 M3 —— M P3
U3+4]
H4 —  — P4 Ha P4
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with U] being d? x d? random orthogonal matrices that can be decomposed as 2-site orthogonal MPOs
with bond dimension y = d? via SVD as follows

[n,n+1] _ Z s & T
(Hnspn)s(Bnt1:Pnt1) U(#nvﬁn),an Sap,an [V }an,(#n+1yﬁn+1)
a,=1

X

~In] fonspn 77I0) Bng 1,041
Z ulvan Z/{ ’

an,1

(99)

an=1

with Z:ll[n,l : mPn — INJ(HMPH))% The tensors U™ are then simply

constructed as follows

X ] g 1n41 T
Sa”’a” and uan,l - [ :Iaru(/‘nJrlaanrl).

M,L,pn _ Z " 1] P'nan u[n] pn Pn . (100)

an 1,0n an—1,1 l,an
ph=1

=4 |4

Finally, the isometry T' can be decomposed as a tree tensor network (T'TN) [50, 51, 52]

log2N 1 N/20+ )
[27—1] 0% [27] 05"
E g E T ot~ 12i L gbotiar - 1T£ 1_3.2r =127 X
[€] oy »0g
= oir,og =1 (101)
041,7/2]
[T} oiz /a4
[e+1) 077,057

with 07 = pa,_1, 057 = par, 011Og2 N1 = 5. The tensors T[L]T] are isometric rank-3 tensors satisfying
- (7] {r]o’
T]O T| O
Z 7—[5] 11,02 7—[6]1‘1,2‘2 =000 (102)
i1,i2=1

in order for T' to be an isometry. The TN decomposition of T has the following diagrammatic representation

P1 —
(1]
Ty
P2 —
] (1]
P3 o 7{21
T
P4 —
Tp,o’ ~ 7&%] — O (103)
Ps —
(3]
Th) o
P6 — 7I2]
P71 —
(4]
Ty
P8 —

Generating random isometries T[L]T] can be done by simply reshaping a randomly generated x? x y matrix ’]IE]]

with x orthonormal columns.

S6 Construction of biased and unbiased models

Here we provide details on the construction of biased and unbiased models used in the main text, for both
non-tensorized and tensorized models. We define the data-generating function y(x) to be

ZZeu Zs U(d) (d)T]p’V 7 (104)

pn=1lv=1
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with R < D, 6* a given parameter configuration, and V(9 satisfying the property >,V V p L,,(G*) = 0 for
p = R+1,..., K. We generate the matrix V(9 as V(9 = [V W} i.e., by horizontally stacking a K x R matrix

V with randomly drawn orthonormal columns, and a K x (D — R) matrix W constructed via Gram-Schmidt
orthogonalization in order to satisfy the constraints

0
wWTv =0 (105)
WT|(0) =0, ie, >, W0t (") =0 Vo=1,..,D—R.

As discussed in the main text, the construction of biased models, i.e., models that for @ = 8™ exactly match
the data-generating function y(x), is achieved by setting U = U () and V = V@ in their structure constants
(see Eq. (40)), while unbiased models are constructed by randomly drawing U and V independently of U(d)
and V(. The values s, (p = 1, ..., D) of the correlation spectrum are chosen to be s, = 1/v/D, i.e., a uniform
correlation spectrum with normalization > o 5?, = 1. This uniform choice is performed in order to have that

full models f(gf) (z) specified by the structure constants

rd, Z Unpso V'], - (106)

have, with high probability, a high effective dimension (since ) 0 sﬁ = 1/D). Cutoff models féc)(m) specified
by the structure constants

R D
FLC,L = Z Uupsp [VTLVV + Z Uu,p ef%sp [VTLM/ , (107)
= p=R+1

with a positive decay rate £, have instead a lower effective dimension than full models, with high probability.

The construction of biased models for tensorized models follows the same idea, with suitable modifications

to accommodate for the tensor structure of the matrix of singular vectors V. The idea is again to find a

matrix W such that 32 W, ,,(8*) =0 ¥ o = 1,..,D — R, where now W has the following tensor-train
decomposition

W(V WM),O T Z Wik Wil W[M] VM : (108)

1yeen o,a1 ai,az * apm—1,1
Q1,...,GM—1

The condition that [¢(6)) is in the kernel of W can be rewritten as

Z H {Z Wi, (65, )] = (109)

with ag = o and ap; = 1. We now construct the matrices QI (#%,) with elements

(e, =S Wl s, (110)

Vm

and the vector q(05_, ,,) with elements

Gas (03-,07) = [QP1(03) ..QM (03], , - (111)
Using these, we can turn the conditions on W into the following conditions for the single tensor W
Zal Zm Wa alfl th'l]:llll =0, from right-normalization condition (112)
S S WL 00,85 10) 150 67) = 0.

under the assumption that all other tensors W™>1 are already right-normalized. These conditions on the

tensor WU can be easily cast in matrix form, by grouping the indices v; = (a1,v1), reshaping Wl into a

matrix W with elements
Wil — pyll whl v

oM o(armn) — Toar o

(113)

36



‘ l"..'”. ’
0.975 $ u
" i
3
0.950 ! o d=2 M=10, trS*=0.05
s d=3, M =7, trS*=0.05
0.925 .
1073 1072 107!
NNZ/K?

Figure S4: Scaling of normalized ED with the sparsity of the orthogonal matrix V. On the z axis, NNZ
corresponds to the number of non-zero elements of V' (the lower NNZ, the more sparse V is). Each point
corresponds to a random model realization, i.e., a random I' uniformly drawn from [—1, +1]D *K For every
value of NNZ, 40 model realizations are drawn. The normalized ED is computed using 150 parameters samples
for estimating the normalized FIM.

and constructing the vector v(0*) as tensor product q(8;_,,,) ® ¢V (8}), with elements
V1 (07) = V(ay0)(07) = a0, (B3,01) 11, (67) - (114)

In matrix form

{Wm WMT =T from right-normalization condition (115)

witlv(e*)=0.
Using this, the construction of fully biased tensorized models is summarized in the following steps
1. Choose a (random) parameter configuration 6*.
2. Construct a set of (random) right-normalized tensors {2 42 ,,W(%]_VlMl
v(0*) = q(05 ;) @tV (0%) as described before.

} and compute the vector

3. Via Gram-Schmidt orthogonalization, generate a random matrix W whose columns are normalized,
mutually orthogonal and all orthogonal to v(6™). This matrix satisfies the above conditions by con-
struction.

4. Reshape W to the order-three tensor W,

5. The matrix W(Vh___,VM)J = arans W([,lll'fl W([IQI]ZZ; W(%]:Ml satisfies the desired orthogonality con-
ditions for constructing a biased model.

Given the tensor-train representation

v = Y ylmylle e (116)

(v1,-vm),p a1,a2 ap—1,1
a1, M—1

the construction of partially biased tensorized models is obtained by perturbing the tensors V", Specifically
we construct Ve(d) in the data-generating function from tensors Ve[m] that are obtained by reshaping the
[m]

orthogonal matrices V¢™ = ortho(VI™ 4 ¢ G), where G is a matrix with Gaussian entries.

S7 Further numerical results on effective dimension

Here we provide further numerical results on the dependence of the ED on various model characteristics. The
results presented here confirm those shown in the main text, namely that the ED being primarily controlled
by the number of input basis functions D when D < M, and by tr(S?*) in the regime D > M.

In Fig. S4 we show how the normalized ED depends on the sparsity of the matrix V' containing the right
singular vectors of the structure constants I'. Two different model classes are shown: Bm = {cosO,,,sinb,,}
(i.e., d= 2) and B,, = {1,c080,,,sinb,,} (ie., d= 3). From these results, it is evident that deg does not

strongly depends on the sparsity of V.
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Figure S5: (a) Scaling of deg with the purity tr(S%) of the correlation spectrum (x = 100). (b) Scaling of deg
with the ratio D/M. (c) Scaling of deg with the ratio M/D. (d) Scaling of deg with d. (e)-(f) Scaling of dog
with the bond dimension y. Each point corresponds to a random model realization, i.e., a random generation
of V as a right-normalized tensor train. For every value on the z axis, 30 model realizations are drawn. The
normalized ED is computed using 200 parameters samples for estimating the normalized FIM.
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In Fig. S5 we show the dependence of the normalized ED on various model characteristics, in the case of
tensorized structure constants, that is, with V' decomposed as a tensor train. As expected, the ED mono-
tonically decreases in expectation for increasing tr(S*) (see panel (a)), and in the overparameterized regime
M > D its value also strongly depends on D (see panels (b) and (c)), as expected from the bounds described
in Section S4.2. The other model characteristics such as d and the bond dimension x have little influence
on the ED (see panels (d), (e) and (f)), further confirming our expectations that D > M the ED is mostly

controlled by tr(S?).

S8 Further numerical results on training regression models

Here we show further numerical results on the interplay of ED and model bias and their effect on training
regression models with gradient descent methods. The experiments performed here are analogous to those
presented in the main text. we perform several training experiments with randomly drawn data-generating
function y(x) and structure constants I'. For chosen dimensions D and K we draw random instances of
y(x), and many random instances of models (specified by I') with different degree of bias towards y(x). For
any given degree of bias, we train several random instances of full models (Eq. (106)) and cutoff models
(Eq. (107)), in order to compare the training dynamics of models with higher and lower ED, respectively. For
any given degree of bias we consider the minimum MSE attained during training as a proxy for the training
quality, denoted with MSEM! and MSE% for full and cutoff models, respectively, and study the difference

min min

At MSE i, = MSEM! — MSESH | (117)
as a function of the difference in the ED between full and cutoff models, i.e., cigf{n - ciggt A positive value of
Af_MSE,i,, implies that the full model (with higher ED) trains to a higher MSE compared to the cutoff one,
i.e., the model with lower ED model has a better training performance. Conversely, a negative Ay MSE i,
implies a better performance of models with higher ED.

Overall, the additional result presented here confirm and corroborate the findings in the main text. The
results for models with full (i.e., non-tensorized) structure constants are shown in Figs. S6, S7, S8 and
S9. Qualitatively, the behavior of A¢_MSE» as a function of the ED difference cii‘;f” — Jggt is the same
and consistent with what presented in the main text irrespectively of the model specification (see Figs. S6
and S7 for the case of d = 2, ie., B, = {cosb,,sinb,,}, and Figs. S8 and S9 for the case d = 5, i.e.,
B,, = {1, cos O,,, cos 20,,,sin 0,,,, sin 26,, }).

The corresponding results for tensorized models (where only V' is decomposed as a tensor train) are shown
in Figs. S10 and S11 for d = 5, while Fig. S12 shows results for d = 3 and two input features N = 2.
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Figure S6: (a) A¢_MSE;, for different values of the difference ci&é“ — dggt. Each point corresponds to
A¢_MSE,;, averaged over 30 training instances, for a single random model realization. The red line serves
as a guide for the eye for zero MSE difference. (b) Training curves for a random biased model realization.
(c¢) Training curves for a random unbiased model realization. In (b)-(c), the full model is in blue and the
cutoff model in orange, and the shading corresponds to the spread over 30 training instances. For these plots,
N=1,Q=/{1,..,9} (d=19), By, = {cosby,,sinb,,} (d=2), M =12, R = 4, tyrain = 30 with a batch size
of 5.
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Figure S7: (a) A¢_MSEp;, for different values of the difference cig‘?“ — dggt. Each point corresponds to
A¢_MSEi, averaged over 30 training instances for 30 random model realization. (b) Same as panel (a) but
resolved as a function of d4a.t.. The red line serves as a guide for the eye for zero MSE difference. For these
plots, N =1, Q = {1,...,9} (d = 19), By, = {c0860,,,5in0,,,} (d =2), M =12, R = 4, tyyain = 30 with a batch
size of 5.
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Figure S8: (a) A¢_MSEy;, for different values of the difference ciggf“ — ciggt. Each point corresponds to
A¢_MSE,;, averaged over 30 training instances, for a single random model realization. The red line serves
as a guide for the eye for zero MSE difference. (b) Training curves for a random biased model realization.
(¢) Training curves for a random unbiased model realization. In (b)-(c), the full model is in blue and the
cutoff model in orange, and the shadlng corresponds to the spread over 30 training instances. For these plots,

N=1,0={1,..,6} (d=13), 2 ={1,2} (d=5), M =5, R =4, ngain = 25 with a batch size of 5.
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Figure S9: (a) At MSEp, for different values of the difference df' — dS3t. Each point corresponds to
A¢_MSEin averaged over 30 training instances for 30 random model realization. (b) Same as panel (a) but
resolved as a function of dqata. The red line serves as a guide for the eye for zero MSE difference. For these
plots, N =1, Q={1,...,6} (d=13), Q={1,2} (d=5), M =5, R =4, Nyain = 25 with a batch size of 5.
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Figure S10: (a) A¢_<MSE,,, for different values of the difference dg‘;f“ — cig%t. Each point corresponds to
A¢_MSE,in averaged over 30 training instances, for a single random model realization, i.e., a random right-
normalized tensor train representing V. The red line serves as a guide for the eye for zero MSE difference.
(b) Training curves for a random biased model realization. (c) Training curves for a random unbiased model
realization. In (b)-(c), the full model is in blue and the cutoff model in orange, and the shading corresponds
to the spread over 30 training instances. For these plots, N =1, Q = {1,...,13} (d = 27), Q = {1,2} (d~ =5),
M =36, R =4, x = 60, nyrain = 30 with a batch size of 5.

(a) . . (b) 10
_ @ o
S o8 I D 21007 2 PRV . 0.2 %
& O . e - — - - m’“ h ] i ) ° : <EE§
5 o = m 01 =======-- o= ST ™
= —107} S = . |
I RN R SNl
g : S o q - ' 3
10" BEIRT —10! }&
0.0 0.1 0.2 10° 10!
d(fa,lflfu _ g}:}t 5(1‘@‘5;1

Figure S11: (a) A¢_MSE.;, for different values of the difference Jg‘gf” — ciggt. Each point corresponds
to A¢_MSE,in averaged over 30 training instances for 30 random model realizations, i.e., random right-
normalized tensor trains representing V. (b) Same as panel (a) but resolved as a function of d4ata. The red
line serves as a guide for the eye for zero MSE difference. For these plots, N = 1, Q = {1,...,13} (d = 27),
Q={1,2} (d=5), M =36, R=4, x = 60, tyain = 30 with a batch size of 5.
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Figure S12: (a) A¢_MSEn;, for different values of the difference Jg‘#l — cig‘f‘ft. Each point corresponds to
A¢_MSEin averaged over 30 training instances, for a single random model realization, i.e., a random right-
normalized tensor train representing V. The red line serves as a guide for the eye for zero MSE difference.
(b) Training curves for a random biased model realization. (¢) Training curves for a random unbiased model
realization. In (b)-(c), the full model is in blue and the cutoff model in orange, and the shading corresponds
to the spread over 30 training instances. For these plots, N = 2, @ = {1,...,5} (d = 11), Q = {1} (d = 3),
M =32, R=17, x = 100, ngain = 225 with a batch size of 5.
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