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Abstract—Nonlinear differential equations underlie many sci-
entific fields, yet classical solvers scale poorly with increasing
resolution. Quantum linear systems algorithms (QLSAs), such
as Harrow-Hassidim-Lloyd (HHL), can offer asymptotic ad-
vantages for sparse, well-conditioned linear systems. However,
they do not directly treat nonlinear dynamics. We study two
linearization techniques—Carleman linearization and Liouville
linearization—as preprocessors for prospective QLSA use. We
assess the stability of the linearization step on two models with
bounded phase spaces and single- or multi-attractor dynamics.
Carleman linearization tracks single trajectories until truncation
error dominates. The Liouville ensemble formulation, especially
with narrow initial distributions, captures multi-basin splitting
and trajectory statistics while providing built-in uncertainty
quantification. These results suggest that Liouville may offer
broader practical applicability as a QLSA preprocessor, partic-
ularly in regimes not covered by existing efficiency guarantees
for Carleman linearization.

Index Terms—Linearization, Carleman, Liouville, Fokker-
Planck, quantum algorithm, nonlinear differential equation

1. INTRODUCTION

Nonlinear partial differential equations (PDEs) arise across
many scientific domains, from kinetics in chemical engineer-
ing [1] or fluid dynamic applications [2] to atmospheric models
in climate science [3]. After discretization in space and time,
the resulting system of ordinary differential equations (ODEjs)
can become prohibitively large and the dynamical evolution
can become infeasible for high-resolution simulations as clas-
sical solvers scale with the time resolution and grid points
per dimension. Quantum linear system algorithms (QLSA) —
most notably the Harrow—Hassidim—Lloyd (HHL) algorithm
[4] — offer an efficient encoding of the state vector and
exponential speedups for problems of the form
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where A € CN*N and b € CV. To apply these quantum
methods to nonlinear dynamics, one must recast nonlinear
ODEs as linear systems.

A prominent approach is Carleman linearization [5], which
lifts a polynomial ODE into an infinite-dimensional linear
system with higher-order monomials. Truncating it at order
N yields a sparse linear ODE suitable for QLSA. Given
dissipativity [6] [7] [8] or non-resonance [9] with efficient state
preparation, conditional exponential speedups are possible.
While related methods such as the homotopy perturbation
approach exist [10], Carleman is more generally applicable,
with established error and complexity analyses and tests on
low-dimensional toy problems, e.g. in chemical kinetics [1].

A less explored method follows an ensemble viewpoint:
rather than evolving individual trajectories, one considers the
evolution of a probability density p(u,t) under the Liouville
equation, or with noise, the Fokker—Planck equation [11] [12].
These are linear in p(u,t) and allow direct access to ensem-
ble observables; e.g. [12] approximated trajectories from the
ensemble mean. The related Koopman—von Neumann (KvN)
framework recasts nonlinear dynamics in a Hilbert space [13]
[14]. Although it provides a unitary description of ensemble
evolutions, it does not naturally incorporate diffusion.

Motivated by these contrasts, we focus on Carleman
and Liouville linearization, which represent complementary
paradigms: trajectory- vs. ensemble-based. We present, to our
knowledge, the first empirical comparison of these classical
techniques, independent of any specific quantum algorithm,
to evaluate their stability as QLSA preprocessing. While our
simulations use classical shot-based approximations of the
Liouville ensemble, the results may also be transfered to
ensemble methods such as KvN. We introduce each method,
test them on nonlinear toy models beyond current Carleman
complexity bounds, and assess their stability.
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II. THEORY

Consider the initial-value problem for an n-dimensional
ODE, resulting from the spatial discretization of a PDE:

du

dt
where u = (uy,...,u,)T € R™ and f is a (possibly time-
dependent) polynomial vector field.

(u7t)7 U(O) = Uo, (2)

A. Carleman Linearization

To apply Carleman linearization, we first rewrite the n
dimensional ODE (2) in polynomial form

du

dt = Fo(t) + Fru+ Fou® + - + Fyu®M (3)

where u®7 € R™ is the j-th Kronecker product of w,
F; € R™*"" the corresponding coefficient tensor, and M is
the highest degree of nonlinearity in f(u,t). Introducing the

lifted state w(t)

a(t) = [w®,u®? . u®NT

“

and truncating at order [V, the nonlinear dynamics can be
embedded into the (infinite-dimensional) linear system

du

7

— =Au+b(t 5
o = AT+ 5)
where the inhomogeneity is
T

and the block entries A4;; € R™ %" of the truncated Carleman
matrix A fori,j € {1,..., N} are

7
Aty =Y 1PV @ Fjin(t) @ 1907
k=1
if 0 <j—i+1< M, with F,(t) € R™"" for m > 0.
Otherwise A;; = 0. Finally, discretizing time with step At
and applying a forward Euler scheme yields

Ut + At) = (I + At A®))U(t) + Atb(2).

)

(3)
which defines a sparse linear update suitable for QLSAs.

B. Liowville (Ensemble) Formulation

The probability density p(u,t) gives the probability per unit
phase-space volume of finding the system in an infinitesimal
neighborhood of the phase-space point w at time ¢. It evolves
via the continuity equation:

op(u,t
WOl G (fupw) =0 ©
Discretizing in time with a forward—Euler step yields
p(t+ At) = p(u,t) = AtV - (f(u,t)p(u,t)).  (10)

This sparse linear update in p describes ensemble dynam-
ics and is amenable to QLSAs. Unlike Carleman, the lin-
earization itself introduces no approximation beyond the
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global O(At) time-stepping error. When noise is present, the
Kramers—Moyal expansion leads to the Fokker—Planck equa-
tion, which includes an additional diffusion term. While the
approach is naturally suited for ensemble evolution, our goal is
to compare it with Carleman linearization for single-trajectory
forecasting. To bridge this conceptual gap, we initialize ensem-
bles around an initial state and recover approximate trajectories
via statistical observables such as the mean or median.

C. Applicability to quantum linear-system algorithms

Carleman and Liouville pose different trade-offs for QLSA-
style methods. We focus on indicators relevant to any QLSA
implementation, while noting that actual qubit and circuit
costs depend on the chosen quantum algorithm, efficient state
preparation and readout.

Truncating the Carleman state » in (4) to degree N - with
dimension typically n = GV for G grid points and V' variables
in PDEs) yields

n’) ~ N log, n.

WE

J

N
dimCarleman = § nj7 q= 10g2(
Jj=1 1

When the factor matrices F}; are s-sparse the truncated genera-
tor is O(Ns)-sparse. Provable Carleman speedups hold under
restrictive assumptions (e.g. dissipation [6] [7] [8] or under
sufficient non-resonant spectra [9]). Outside these regimes the
complexity may be unknown or becomes provably hard in
worst cases [6].

The Liouville (ensemble) route discretizes the Liouville /
Fokker—Planck equation additionally in D value bins, with

dimy souyine = DY, q=GVlog, D,

so the naive ensemble approach incurs exponential scaling in
GV . In practice state compression is essential: reference [11]
argues that suitable marginalizations can reduce the effective
state dimension by many orders of magnitude - potentially to
only tens of degrees of freedom even for billions of grid points
- lowering qubit count ¢ at the cost of approximation error.
For finite-difference discretizations of (10), the forward-
Euler update is R = I+ AtL with generator L. A conservative
row-sparsity bound is s(R) < 1 + ZdG:Vl wq, where wy
is the stencil width along dimension d; so local dynamics
yield sparse propagators. [12] employed transition-rate-based
algorithms, e.g., quantum block encoding, whose cost scales
with sparsity and || R||. Conditioning also depends on the grid-
to-timestep ratio due to CFL or diffusion stability constraints
[15] [16]. For non-normal operators, diffusion may improve
conditioning at the cost of model accuracy [12]. A full
analytical characterization is beyond this work’s scope.

III. SIMULATION STUDIES

To evaluate the stability and accuracy of the Carleman
and Liouville linearization methods, numerical experiments
on two representative two-dimensional nonlinear flows were
conducted. In each case, the models were discretized in time
and space. As a deterministic ground truth, a high-resolution
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Fig. 1: Model I: (a) ODE vector field with the net inward radial flux. (b) Crossing statistics for Carleman truncations N &€
{1,2,...,7}, ensemble mean/median and the ground truth. Each time a trajectory crosses « = 0, |y| is recorded and plotted
versus crossing index. (c) Phase-space trajectories of Carleman truncation N = 1 and 7 compared with ground truth. (d) Mean
and median phase-space trajectories of the ensemble linearized equations compared with the ground truth.

Forward-Euler integration with initial condition (¢, yo), final
time T 100, and time-step At 1075 is used. A
convergence study over different At shows that both toy
models approach a consistent solution near At = 1072,

For Carleman linearization (8), we assembled the truncated
system at orders N = 1,2,...,7 and applied Forward—Euler.
For the Liouville formulation (10), we sample the density
evolution via an ensemble of 10* trajectories, without spatial
discretisation of p. The initial states are drawn from a Gaussian
distribution N'(p = (x0,¥0),0 = [04,0y]). The ensemble’s

mean and median trajectories were compared against the
ground truth.

A. Model I: Single Fixed Point Oscillator
The first system is defined by

& = —y —yry®

r — iy

an
12)

Y

with (z0,y0) = (0,0.6) and nonlinearity v = 0.1, as in
[12]. Classical integration shows trajectories spiraling into the
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unique stable fixed point at the origin. The background vector
field is shown in Fig. 1(a).

For Carleman linearization, with

0 —1 0 0
F1_<1 0>’F3—_'7(0 1

the truncated u then evolves according to (8). Although this
system is dissipative for v > 0, it is not covered by current
Carleman complexity bounds as F} has purely imaginary
eigenvalues +i. Fig. 1(c) shows the resulting phase-space
trajectories for truncation orders N € {1,7} alongside the
ground truth. The N = 1 solution remains on a circular orbit
of radius 0.6, while N = 7 initially tracks the true trajectory
but eventually diverges and fails to preserve the inward-flux
structure of Fig. 1(a).

In contrast, the Liouville ensemble method Fig. 1(d) yields
mean and median trajectories that closely follow the ground
truth throughout the observed interval. Fig. 1(b) quantifies each
method’s accuracy by plotting |y| at every crossing of z = 0.
This comparison highlights that low truncation orders N < 2
do not capture the nonlinearity, while higher orders match the
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reference more narrowly (for N = 7 up to approximately
seven crossings) before truncation error accumulates. Odd and
even NNV pairings coincide because only odd-order tensors F);
are nonzero, so adding an even truncation simply appends zero
blocks to the Carleman matrix in (5).

Under the Liouville formulation (Fig. 1b), the median
remains nearly indistinguishable from the ground truth, while
the mean shows a slight inward bias. This arises because, for
nonlinear drift and nonzero spread, the mean evolves under the
averaged drift 1 = E[f(u)] # F(m), where m(t) = E[u(t)].
Moreover, the drift is compressive (V- f < 0), creating an
inward-skewed distribution that pulls the mean but leaves the
median—being a rank statistic—far less affected. The effect
is small in our runs (~ 0.02 over 7" = 100). Crucially, the
ensemble approach introduces only the global O(At) time-
stepping error and model approximations due to the use of
statistical proxies. Snapshots of the ensemble evolution are
shown in Fig. 4.

In [12], this model was studied in the form of the
Fokker—Planck equation with a diffusion coefficient of D =
0.15. Using a transition-rate-based algorithm, the mean spirals
more rapidly toward the origin.

Fig. 2: Basins of attraction for Model II : the green area
converges to (—1,0), the white one to (1,0).

B. Model II: Three Fixed Points

The second system adds a cubic term and a purely positive
drift to create stable attractors at (+1/+/c,0) and an unstable
saddle at the origin:

i =y — oy (13)
) =z —yzly — azd (14)

with v = 0.1, @ = 1. The phase space can be partitioned in
basins of attraction as shown in Fig. 2 where all trajectories
starting from a point in the green (white) basin would even-
tually converge to the left (right) fixed point. Near one fixed
point, the dynamics resemble Model I.

Here, the linear part F} has real eigenvalues 1 and neither
dissipative nor non-resonant quantum Carleman complexity
bounds apply. Due to the cubic term 22 in (14), F3 is mod-
ified accordingly. The phase space trajectories for truncated
Carleman with initial points (0.75,0) and (2,0) - close by or
far away from the fixed point (1,0) - are given in Fig. 3(a).
Though there is slight improvement with higher truncation
orders, the Carleman trajectories match the exact solution only
for a few hundred steps of At = 10~° before diverging at all
tested V.

For the Liouville equation, we examine the challenging
scenario in which the initial density spans over multiple basins
of attraction. Specifically, we initialize p(u,0) = N(u =
(2,0), o = [0.1,0.1]). Fig. 5 of the appendix shows snapshots
of the ensemble distribution. Fig. 3(c) compares the ensemble
mean and median trajectories with the true solution. Both
statistics follow the ground truth up to 7" ~ 2. Afterwards
the mean deviates, while the median remains closer (similar
to Model I). Ultimately, the mean spirals and converges to a
point between the two fixed points, reflecting the proportion
of initial probability in each basin. The median commits to
the attractor whose basin has the larger overlap with p(u,0).

Fig. 3(b) shows the crossing statistics: at each crossing
of y = 0, we record the corresponding z-value for the
mean (blue) and median (orange), and indicate the 25th—75th
percentile band in shaded blue. The first five crossings align
closely with the true trajectory. Thereafter the distribution
splits between basins and the mean settles between the at-
tractors, while the median converges to one.

To restore single-trajectory accuracy, an initial distribution
aligned with the flow at (2,0) is chosen: p(u,0) = N (u =
(2,0), o = [0.0,0.1]) (see Fig. 6 in the appendix). In this
case, Fig. 3(d) shows that the mean and median trajectories
coincide with the ground truth. The 25-75th percentile band
in Fig. 3(b) collapses which indicates no splitting of the
distribution orthogonal to the drift.

By contrast, for this resonant, non-dissipative, nonlinear
ODE, Carleman linearization presumptively requires very high
truncation orders N to reflect the exact solution. For current
algorithms this translates to a qubit count growing with
Nlog(n). So far, no quantum speed-up has been proven
for Carleman in this regime, and it may be as costly as
classical methods. The stability of the Liouville method,
however, depends sensitively on the initial spread: when p
spans multiple basins, the non-marginalized Liouville solution
outperforms Carleman in both early-time accuracy and final
convergence, though it cannot track the exact trajectory at all
times. Conversely, a narrow initial distribution orthogonal to
the flow (e.g. o = (0,0.1) at (2,0)) fully restores agreement
among mean, median, and ground truth. In such cases, one
must ensure numerical stability when solving the Liouville
update for very narrow densities [12].

IV. CONCLUSION

Carleman linearization approximates individual trajectories
under favorable conditions. Combined with a QLSA, it can
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yield quantum speedups for dissipative or non-resonant sys-
tems, but may be infeasible otherwise. The Liouville ensemble
method avoids truncation error and naturally supports ensem-
ble analysis. However, its qubit requirements scale with the
spatial discretization and a state compression (e.g., marginal-
ization) may be necessary. While Liouville does not yield
single trajectories directly, statistical observables—such as the
ensemble mean—can provide effective proxies.

In this work, no full quantum pipeline was implemented,
and practical feasibility would depend on state-preparation,
conditioning, and measurement overheads. The two lineariza-
tions were studied as preprocessing steps for potential quantum
acceleration. The Liouville ensemble was treated without
spatial discretization and consistently outperformed Carleman
in both single- and multi-attractor scenarios. In a resonant,
strongly nonlinear model, Carleman failed to track the true
trajectory, whereas Liouville statistics remained accurate over
the same time span. The quality of Liouville predictions

depends on the initial distribution: the narrower and more
aligned it is with the underlying flow, the more closely the
mean and median follow the exact solution.

Theoretically, Carleman linearization is provably efficient
within its established complexity bounds. By contrast, Li-
ouville simulations offer broader applicability by capturing
full distributions and approximating single-trajectory behavior
via narrow ensembles, making them attractive for forecasting
and ensemble-generation tasks. Future work should analyze
the quantum complexity of both approaches—including their
dependence on discretization and the use of marginal den-
sities—and address qubit and circuit overheads. Extending
these methods to stochastic PDEs could enable subgrid-scale
modeling in fluid and climate applications.
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APPENDIX A
DENSITY EVOLUTION VISUALIZATIONS

Additional plots of the evolution of the distribution accord-
ing to the Liouville equation for the first model in Fig. 4 and
second model with (¢ = (0,0.6),0 = [0.1,0.1]) in Fig. 5
or N(u = (0,0.6),0 =[0.0,0.1]) in Fig. 6.
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Fig. 4: Snapshots of the ensemble evolution up to 7' = 100
for model I starting with A'(p = (0,0.6),0 = [0.1,0.1]).
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