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Abstract
Quantum error correction can reduce the effects of noise in quantum systems, e.g. in metrology or
most notably in quantum computing. Typically, this requires making measurements that provide
information about the errors that have occurred in the system. However, these syndrome
measurements themselves introduce noise into the system, for example by using noisy gates. A
complete characterization of the measurements is very costly. Here we describe a calibration
method to obtain the syndrome statistics taking into account the additional noise sources. All
calibration data are extracted from a single experiment in which the syndrome measurement is
performed twice in a row. Thus, our method allows an accurate evaluation of syndrome
measurements with significantly less effort than existing methods. We give examples of the
application of this method to noise estimation and error correction. Finally, we discuss the results
of experiments performed on an IBM quantum computer.

1. Introduction

Current quantum computing hardware is approaching a level of maturity where it begins to benefit from the
techniques developed in quantum error correction [1, 2]. These also have broad applications beyond
quantum computing, e.g. in quantum communication [3] and metrology [4, 5]. A particularly well-studied
method is stabilizer codes with syndrome measurements, which provide the information necessary to correct
errors [6–9]. However, the measurements usually require demanding multi-qubit gates and themselves
introduce noise into the system, partly invalidating the obtained information. Therefore, it is of great interest
to explore techniques that mitigate such influences, e.g. via machine learning methods [10] or by using an
estimate of the error rate, obtained via the syndrome measurements themselves, to inform the correction
operation [11]. Along similar lines, we present a technique to reduce deleterious measurement effects
without modifying the circuit using only one additional calibration experiment, which involves repeating the
measurement twice. By single experiment we mean a single input state, a single circuit and a single
measurement setting which is repeated sufficiently often to estimate the outcome statistics with the desired
accuracy. One inspiration for our approach is the method of Wagner et al [12], where the authors also only
use information that is already measured in the context of quantum error correction.

We make the following assumptions. The noise introduced by the measurement circuit can be described
by Pauli noise and is independent of where the measurement is used inside a larger circuit. Note that this
model covers various types of noise sources. For example, it includes initialization errors, coherent and
incoherent single and multi-qubit gate errors, cross-talk, readout errors, correlated multi-qubit errors, noise
on idle qubits, and error propagation within the circuit. Any ancillary qubits used in the stabilizer
measurement may be subject to the same kind of noise. Also note that Pauli noise can be enforced by
randomized compiling [13], so it is not a strong limitation.

Our main result is that under the described assumptions it is possible to exactly calculate the expectation
value of any stabilizer element after the noisy measurement was performed. We consider two different cases:
Averaging over the measurement outcomes or conditioning on individual results.
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In principle process tomography allows to fully characterize the noisy measurement [14–16]. However, it
involves preparing several different input states and performing multiple additional measurements. The
tomography is further complicated by consistency issues, see e.g. [17, 18]. Moreover, these methods produce
a more detailed description than necessary in the context of quantum error correction.

As mentioned above, syndrome measurements do not only involve basic measurements but also gates.
When it comes to characterizing the noise of gates, randomized benchmarking has proven to be very
successful [19]. This refers to various protocols that are intended to determine the quality of gates as
independently as possible of preparation and measurement errors. It quantifies the averaged error over a set
of quantum gates by performing random circuits that are assembled in such a way that overall the identity
would be performed if the gates were perfect. However, when applied to our scenario, only partial
information about the syndrome measurement is obtained.

Several known techniques can partially remove noise from a measurement result of short circuits. These
approaches are called quantum error mitigation (QEM), and they aim to reproduce the results of noiseless
circuits without quantum error correction codes via post-processing of the data [20, 21]. Zero noise
extrapolation [22] is an error mitigation method in which a circuit is executed several times with gates of
varying degrees of noise. The noise is artificially influenced, e.g. by varying the execution time of the gates or
by extending the circuit. The behavior of a noise-free circuit is then extrapolated from the data points
obtained. Readout error mitigation (REM) [23, 24] is a method that aims to remove measurement errors
from the measurement data. A matrix is set up containing the probabilities that one observes a measurement
result x instead of the correct one y. The basic idea of the approach is then to apply the inverse of this matrix
to improve the statistics.

While we use REM for reference data in our experiment, we emphasize that the goal of our proposed
method is not to remove the noise from the measured data but on the contrary to take the noise introduced
by the measurement into account. Furthermore, as will become clear below, the computational complexity of
our proposed correction only scales (linearly) with the size 2m of the stabilizer of the error correction code.
In particular it does not scale with the number of physical or logical qubits in the quantum computer. Thus,
our method is also interesting beyond the noisy intermediate-scale quantum (NISQ) era.

In the context of quantum error correction currently the most common approach to deal with noisy
syndrome measurements is to include additional redundancies. This can be done by introducing redundant
stabilizer measurements to encode the syndrome using a classical error correction code. One can then correct
errors on the syndrome. The concatenation of one code for the data and one for the syndrome is called a
data-syndrome code [25]. It is also common to repeat the syndrome measurement an appropriate number of
times and analyze which detected errors may be artifacts of a faulty readout [26]. Both of these strategies
have a higher resource overhead than our proposed method and do not consider calibration data to estimate
the effect of propagating errors. However, a combination of our method with these state-of-the-art
approaches is possible.

This paper is organized as follows. We introduce our calibration method for syndrome measurements in
section 2. We then demonstrate how to apply it to estimate the noise including that introduced by
measurement in section 3.1 and to inform a correction operation in section 3.2. The section 4 contains a
summary of results of running our method on IBM quantum computing hardware. We conclude in section 5.

2. Calibrated syndromemeasurements

We consider the following, typical scenario for quantum error correction, see also figure 1: Syndrome
measurements are performed to identify the effect of noise on encoded data and then apply appropriate
corrections. However, when performing syndrome measurements on noisy devices like the ones available
today, they will introduce errors themselves. These need to be accounted for in the correction operation. Our
work therefore aims to answer the following question: What would be the expectation values of ideal
syndrome measurements following noisy ones? Our proposed calibration protocol contains the following
steps.

1. A calibration experiment, separate from the intended use of the syndrome measurement in the scenario
described above, is carried out. It consists of performing the exact same syndrome measurement twice in
row on the same quantum system, see figure 2.

2. Correction factors for the expectation values are calculated from the measurement statistics of the
calibration experiment.

3. The calibration data is used to calculate ideal expectation values immediately after each occurrence of the
noisy syndrome measurement in the original scenario.
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Figure 1. The general scenario in which we are interested: a noise channel " is followed by a noisy syndrome measurement which
informs the correction operation (corr.). We calculate the expectation values hsi for stabilizer elements s, right before the
correction operation (dashed line), via the correction factor �s, see equation (5). This allows estimating the accumulated noise at
that position, which is the relevant noise for the error correction.

Figure 2. The shown calibration measurement is performed to characterize the noise introduced by the syndrome measurement,

see figure 1, by �s = �s


s
. The arrow labels indicate multiplicative factors to the expectation value. The ideal expectation value at

the first dashed line is a known quantity. The first measured expectation value fhsi ( 1)

cal: allows to estimate 
s, while fhsi ( 1)

cal: and
fhsi ( 2)

cal:
together allow to estimate �s.

Later on, we will give a more detailed description of steps 1 and 2 in algorithm 1 and step 3 in
algorithms 2 and 3.

Before introducing our calibration method, let us first introduce some key concepts and notation. More
details can be found e.g. in [27]. We denote the Pauli matrices with X, Y, and Z. The Pauli matrices with the
usual multiplication generate a group P1, which can be extended to Pn on n qubits using the tensor product.
A Pauli operator s 2 Pn stabilizes a state j i if sj i = j i . The set of all stabilizers of a subspace of the state
space form a subgroup of the Pauli group: the stabilizer group of this subspace. It can be used to encode
logical information distributed over several qubits. In this context we call the subspace the code space of a
stabilizer code. The outcomes of a measurement of a generating set of the stabilizer group determine whether
a state lies within the code space. They are called the syndrome and used to inform the correction operation.
We denote with [[n;k;d]] a stabilizer code [6], where n is the number of physical qubits, k the number of
logical qubits, and d the code distance, which can correct bd�1

2 c single qubit errors.
We assume that this noise is independent of its position in a circuit. While this assumption is necessary

for any kind of calibration, real devices will deviate from it to varying degrees due to cross-talk and other
imperfections. For the sake of clarity, we do not include finite sampling effects here. Furthermore, as
motivated in the introduction, we assume that the noise can be described by a Pauli channel, i.e. by randomly
occurring Pauli errors. Concretely, a faulty measurement can be modeled as an ideal circuit followed by an
error channel on data as well as ancilla qubits, and finally an ideal measurement in the computational basis.
We note that any circuit consisting of Clifford gates (which are gates that map Pauli operators to Pauli
operators), each of which are affected by individual error channels, fits into this model. We refer the
interested reader to appendix A for a detailed mathematical exposition. More pragmatically, equations (8)
and (9) below may simply be taken as a definition of the behavior of faulty measurements.

We start by introducing the correction for the expectation value of stabilizer elements which is
independent of the measurement outcome. The expectation value of a stabilizer element conditioned on a
given outcome will be described afterwards.

2.1. Calibration and correction factors for expectation values
Consider a Pauli error e 2 Pn introduced into the circuit by the noisy syndrome measurement. As mentioned
above, according to our noise model this error occurs between the ideal implementation of the circuit and a
measurement in the computational basis. With respect to a given stabilizer element s, there are two effects
that the error e can have:
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Table 1.Minimal weight representatives for the classes of errors with the same syndrome. The measurement outcomes are ordered as
S1;S2; : : : ; S6.

Syndrome error

+ + + + + + 1
+ + + + + � X1

+ + + + � + X2

+ + + + � � X3

+ + + � + + X4

+ + + � + � X5

+ + + � � + X6

+ + + � � � X7

+ + � + + + Z1

+ + � + + � X1Z1

+ + � + � + X2Z1

+ + � + � � X3Z1

+ + � � + + X4Z1

+ + � � + � X5Z1

+ + � � � + X6Z1

+ + � � � � X7Z1

Syndrome error

+ � + + + + Z2

+ � + + + � X1Z2

+ � + + � + X2Z2

+ � + + � � X3Z2

+ � + � + + X4Z2

+ � + � + � X5Z2

+ � + � � + X6Z2

+ � + � � � X7Z2

+ � � + + + Z3

+ � � + + � X1Z3

+ � � + � + X2Z3

+ � � + � � X3Z3

+ � � � + + X4Z3

+ � � � + � X5Z3

+ � � � � + X6Z3

+ � � � � � X7Z3

Syndrome error

� + + + + + Z4

� + + + + � X1Z4

� + + + � + X2Z4

� + + + � � X3Z4

� + + � + + X4Z4

� + + � + � X5Z4

� + + � � + X6Z4

� + + � � � X7Z4

� + � + + + Z5

� + � + + � X1Z5

� + � + � + X2Z5

� + � + � � X3Z5

� + � � + + X4Z5

� + � � + � X5Z5

� + � � � + X6Z5

� + � � � � X7Z5

(Continued.)
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Table 1. (Continued.)

Syndrome error

� � + + + + Z6

� � + + + � X1Z6

� � + + � + X2Z6

� � + + � � X3Z6

� � + � + + X4Z6

� � + � + � X5Z6

� � + � � + X6Z6

� � + � � � X7Z6

� � � + + + Z7

� � � + + � X1Z7

� � � + � + X2Z7

� � � + � � X3Z7

� � � � + + X4Z7

� � � � + � X5Z7

� � � � � + X6Z7

� � � � � � X7Z7

(D2) From the calibration data we determine the most likely syndrome class with respect to the
probabilities P(e) of propagating errors. This is added to the measured syndrome x.

(D3) Another option is to select the syndrome y based on the signs of the expectation values for the chosen
stabilizer generators, so that they are all positive after correction. This of course assumes that the error
rates are small enough to avoid vanishing values. In more detail, we can use equations (13) and (10) to
calculate hSii �x and hence y 2 Fm

2 such that signhSii �x = ( �1)yi .
(D4) Given the measured syndrome x we take the most likely error-syndrome argmaxy px(y) as described

above.

The noise introduced by the syndrome measurement is added to that of the channel " , see figure 1.
Specifically, the propagating Pauli errors are multiplied and the syndromes are added modulo two. How the
combined error of the two independent noise sources is handled depends heavily on the decoder. Therefore,
we want to separate their effects, and since the effect of " is well studied, we focus on the effects due to the
noisy measurement in the numerical analysis by setting the error introduced by " to 1. In other words, we
assume that the input state �is a code word. Then the post-measurement state takes the form

�x =
X
e

Px (e) e�ey; (35)

the result of applying the Pauli channel associated with the conditional distribution Px(e) = P(e;x)=P(x). In
view of the notion that a correction is successful if the actual error and the guessed one only differ by a
stabilizer, the success rate of a decoding scheme that outputs the error e(x) is given by

psucc :=
X
x;a

P (x) Px (e (x) S (a)) =
X
x;a

P (e (x) S (a) ;x) : (36)

We analyzed the failure rate of the decoders (D1)–(D4) for the depolarizing noise model and the
7-qubit-Steane code with the syndrome measurement circuit shown in figure 14. The results are plotted in
figure 5. Using maximum likelihood decoding based on the calibration data leads to the lowest logical error
rate. We see that the absolute difference in terms of the logical error rate w.r.t. not using the calibration data
can be up to 8% for the 7-qubit-Steane code. Given the low resource overhead of our calibration, this is a
significant improvement.

One can also consider examples with more drastic differences between naive and maximum likelihood
decoding. We choose the noise model where with probability �a Z-error is introduced on the control qubit.
This corresponds to

p00 = 1� �and p30 = � (37)

and all other puv = 0. To demonstrate that the effect does not only occur for the 7-qubit Steane code that we
have mainly considered, we will also examine the 5-qubit perfect code with the circuit shown in figure 6. For
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Figure 5. The failure rates of the different decoding strategies for the 7-qubit-Steane code with the syndrome measurement shown
in figure 14 and depolarizing noise, see equation (24). While the naive and approximate curves are indistinguishable here, the
values can differ up to roughly 0.002 for �= 0.2 with the approximate decoding performing better. The best performance is
achieved by maximum likelihood decoding based on the input from our calibration.

Figure 6. A Shor-type syndrome measurement [33] for the Five-qubit code. It uses a source of jGHZ4i = ( j0000i + j1111i )=
p
2

states, which we assume to be perfect. The parity of each block of four parallel X-basis measurements determines one bit of the
syndrome corresponding to one stabilizer generator.

both circuits, we assume for each two-qubit gate that the control qubit is the lower of the two qubits. Direct
calculation yields the probability of no flip on the measurement outcomes

P7 (u = 0) = ( �� 1)
4 �
8�4 � 16�3 + 12�2 � 4�+ 1

�2 �
16�4 � 24�3 + 16�2 � 4�+ 1

�4
and

P5 (u = 0) = ( 4 (�� 1) �(2 (�� 1) �+ 1) + 1)
4
; (38)

for the 7-qubit-Steane code and the 5-qubit perfect code, respectively.
For the sake of clarity let us assume that the input state is a code word. Additional correctable errors on

the input state do not change the following argument, but they unnecessarily obfuscate it. Because with the
described noise model the errors are only introduced on the ancillary qubits, there is no need to perform a
correction operation. And because our method yields the correct expectation values hS(a)i �x = 1, we never
apply a correction operation, as needed. However, with probability 1� P(u = 0) the syndrome differs from
the all + 1 outcome and the standard approach fails to identify the appropriate correction operation. For this
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Figure 7. The probability of a wrong syndrome outcome as a function of the noise parameter �. With this probability the
standard syndrome correction leads to logical errors, while the calibration allows to always do the appropriate correction in this
scenario, see section 3.2.

extreme example the difference in the two approaches is very pronounced, as can be seen from figure 7.
Indeed, for both codes there are parameter ranges of the noise parameter where the standard syndrome
decoding fails almost certainly, while with calibration it never fails in this scenario. The behavior when the
noise parameter is �= 1, i.e. when errors are introduced with certainty, depends on whether the measured
qubits act as a control for an odd or even number of gates.

Note that while the difference will not be this big in other scenarios, our correction can only lower the
logical error rate, given the assumptions made in our derivation are fulfilled.

4. Experiment

In this section we evaluate the performance of our method on a real quantum computer. The main challenge
is the sparse connectivity of currently available backends, such as those provided by the IBM Quantum
Experience [34]. As a result, circuits must be compiled in such a way as to be executable using physically
realizable gate operations, in particular, carrying out two-qubit operations only between qubits that couple
to one another.

In general, this entails that information stored in a qubit has to be transported along the backend using
swap-operations. However, this presents a problem: as our calibration method necessitates carrying out the
same measurement twice, in the compiled circuit, a first measurement will in general change the association
between circuit- and backend-qubits. Thus, the physical instantiation of a second stabilizer measurement will
no longer be the same, and we have no reason to suppose that noise introduced during this measurement
should equal that introduced by the first.

To meet these challenges, stabilizer measurements have to be defined in such a way as to both respect the
backend topology, and leave the association between circuit- and backend-qubits (the ‘embedding map’)
invariant. To ensure that our experiment satisfies this constraint, we manually compiled the circuit, see
appendix B for details. Concretely, we implement the 7-qubit Steane code on backends provided by the IBM
Quantum Experience. However, the adaptations required to implement these measurements on the physical
backend significantly increase the circuit depth: to implement a single CNOT operation in the syndrome
measurement, a total of 13 CNOTs must be physically performed. This means that a simultaneous
measurement of all stabilizer operators on the quantum backend is prohibitively expensive, given the
capabilities of current NISQ systems.

Nevertheless, it is possible to demonstrate our method by means of running the calibration
(i.e. measuring the same stabilizer twice), then using the correction factors to estimate the expectation value
after the noisy measurement. To keep running the experiment on currently available NISQ-devices feasible,
given the large overhead induced by mapping the stabilizer measurements to the device topology, in the
following, we will concentrate on evaluating our method for the measurement of individual stabilizer
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Figure 8.Measurement of the three stabilizer generators S4, S5, and S6, subject to (a) bit flipping noise and (b) measurement
noise. Our method maps the measured expectation values (blue) to corrected ones (orange) and recovers the true values (green).
The remaining gap is only due to the finite number of experimental runs (104 shots).

generators. Thus, for each experiment, we will measure the same generator twice for the calibration, then use
the correction factors estimated from this data to obtain an improved guess at the post-measurement value
in an experiment involving only the measurement of that generator.

4.1. Noisy simulation
To first find the effect of implementing our method using the operations schedule discussed in the preceding
section, we simulate the execution of the calibration and a single measurement for a given stabilizer
generator. We use the simulator provided by Qiskit [35].

For the stabilizer generators involving only ‘Z’-measurements, the system was initialized in the state
j00 : : :0i , such that the ideal expectation value is equal to 1. We use different noise models to illustrate the
method. In figure 8(a), every operation, including qubit reset and measurement, carries a 1% chance of
flipping any bit being operated upon. Figure 8(b) shows a scenario in which only measurements carry a 5%
chance of flipping the outcome, thus, no errors are propagated by the measurement. The ideal expectation
value is recovered to a degree only limited by the shot noise inherent in estimating the correction factor
(using in each case 104 shots).

The data for the exact values in figure 8 was obtained by using the Qiskit simulator’s ability to take
snapshots of the exact state during the computation. However, in a scenario involving a real device, this is
obviously not feasible.

To nevertheless obtain a point of comparison, we follow the measurement of a stabilizer generator with
single qubit measurements on all data qubits, from which the value after the stabilizer measurement can be
computed. If these ‘final’ qubit measurements can be idealized as noiseless, we would obtain an exact value
that could directly be compared to the value reconstructed by means of the correction factor. However, as
these measurements are themselves noisy, further errors introduced have to be corrected. For a low number
of qubits n, such as in this case, it is feasible to perform full REM (see [20] and references therein): prepare
and measure all 2n basis states in the computational basis, and then use the obtained results to compute a
transition matrix whose inverse allows to correct the observed distribution.

With this, we obtain four values per measured stabilizer generator: the outcome of the stabilizer
measurement itself, the value corrected using our method, the unmitigated result from the final single qubit
measurements, and the result after REM.

The results of simulating this procedure are shown in figure 9. As can be seen, the results differ for the
virtual ibm_cairo (figure 9(a)) and ibm_hanoi-devices (figure 9(b)), due to differences in their noise model.
However, in both cases, the values reconstructed using our correction factor and REM are in good agreement,
lending credence to the proposition that our method should also perform well in real experiments.
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